TOTAL FAILURE OF APPROACHABILITY AT SUCCESSORS OF
SINGULARS OF COUNTABLE COFINALITY

HANNES JAKOB

ABSTRACT. Relative to class many supercompact cardinals, we construct a
model of ZFC + GCH where for every singular cardinal é of countable cofi-
nality and every regular uncountable p < ¢ there are stationarily many non-
approachable points of cofinality x in §7. This answers a question of Mitchell
and provides a decisive answer to a question of Foreman and Shelah.

The notion of independence is fundamental to set-theoretic research. It refers to
the phenomenon that many set-theoretic statements are neither proven nor refuted
by ZFC, the most commonly accepted axioms of set theory. One particular theme
in the study of independence statements is the fact that successors of singular
cardinals are often much less malleable than successors of regular cardinals — recall
that a cardinal x is singular if we can write k = (J,;, ¥, where x and every y;
has size <k and regular otherwise. Additionally, many independence results for
regular cardinals can not be obtained for singulars. The most famous example
of this phenomenon is the combination of two results due to William Easton and
Jack Silver: Easton showed that the continuum function — mapping a cardinal
to the size of its powerset — when restricted to the class of regular cardinals can
be equal to any function, provided that function is nondecreasing and maps every
cardinal to a cardinal with a larger cofinality. On the other hand, Silver showed
that whenever k is a singular cardinal with uncountable cofinality — meaning that
any function from w into » is bounded — and 2 = v+ for every cardinal v < &, then
2% = kT. Thus, Easton’s result cannot be replicated for the class of all cardinals.
And even at N, the first singular cardinal, Saharon Shelah demonstrated provable
constraints regarding the continuum function: He showed that, assuming 28 < R,
for all n < w, 2% < N,,.

Another example highlighting the difference between successors of singular car-
dinals and successors of regular cardinals is Shelah’s approachability ideal: Shelah
introduced the ideal I[x™] in [She79| in order to study the indestructibility of sta-
tionary subsets of x* under sufficiently closed forcings and did so both for singular
and regular cardinals . Despite the definition of I[k] being the same in both
cases, its behavior differs greatly depending on whether k is regular or singular:
When & is a regular cardinal, the set EZJ;, consisting of all ordinals below x with
cofinality < &, is always a member of I[x*] and so the behavior of I[x"] is deter-
mined by which subsets of E§+ it contains. On the other hand, if x is singular, it

was only proven that the set EZZM) belongs to I[k*] and so many more options

regarding the behavior of I[x"] seem possible.

Recently, in joint work of Maxwell Levine and the author (see |[JL25]), we solved
an almost four-decade-old open problem due to Saharon Shelah by constructing a
model — for an arbitrary n € (0,w) — where Eg:“ ¢ I[X,+1]. Previously it had
only been known that there could be stationarily many non-approachable points of
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cofinality N; in R,11. Our result begs the natural question (which was also raised
by Mitchell in [Mit09] and by Dobrinen in private communication) whether it is
consistent for a singular cardinal x of uncountable cofinality that E;f ¢ Ikt] for
every regular cardinal u € (Ng, k).

In this paper, we answer the preceding question and even answer it for every
cardinal of countable cofinality simultaneously. Since I[x™] contains a stationary
subset of E;f for every regular u < & (see [Cum05|, Theorem 9.2]), the following
theorem shows that the greatest possible failure of the approachability property at
successors of singular cardinals of countable cofinality is actually consistent:

Theorem. Assume that there is a class of supercompact cardinals. There exists
a class forcing extension in which, for every singular cardinal & with countable
cofinality and every reqular uncountable p < 6, the set El‘f is mot a member of
I[61].

In particular, whenever § is singular with countable cofinality, APs, which states
that 41 ¢ I[6], does not hold. Since APj is implied by the weak square principle
0053, the use of large cardinals is provably necessary for this result (see e.g. [Sarl4]).

Our main result is made possible by a technical advancement of the main crux
of our previous paper (see |[JL25, Theorem 4.11]). The major obstacle towards
obtaining models in which a stationary set of a given cofinality is not in I[6T] is
finding posets which can collapse successors of singular cardinals without making
them d-approachable. Whether this was possible without preserving the successor
of the singular as a cardinal had been open for around four decades and was a ma-
jor obstacle both in non-approachable sets concentrating on specific cofinalities and
iterating such constructions to obtain the failure of AP for many cardinals simul-
taneously. However, we solved that issue in [JL25] by constructing a poset which,
under suitable hypotheses, collapses the successor of a singular cardinal of count-
able cofinality to any desired cofinality without making it d-approachable. That
theorem relied on the tension between a weak form of the approximation property
(see |JL25| Theorem 4.3.]) and our iteration not adding new short functions into
small sets (see [JL25, Lemma 4.10]). In this work, we achieve a strengthening of
[JL25, Theorem 4.3] (see Theorem [4.12]) which allows us to dispense with [JL25|
Lemma 4.10]. Using this, we are able to replace the Namba forcing used there by a
new forcing notion which, similarly to supercompact Prikry forcing, uses elements
of [\]<" as opposed to ordinals. This forcing is constructed using higher variants of
the LIP-ideals which we used in [JL25] and which have previously been considered
by Matsubara (see [Mat02]). In technical terms, the poset from [JL25] uses infin-
itely many generically measurable cardinals while our new poset only uses a single
generically supercompact cardinal. Despite the latter being a stronger hypothesis
in terms of its consistency strength, it is much easier to obtain in our case.

Using this poset, we first construct a forcing which, given a regular cardinal p
and a supercompact cardinal x > u, collapses k to become put while forcing that
for every singular cardinal § > k with countable cofinality, E/‘Tr ¢ I[6F]. We then
define a class-length iteration of instances of that forcing which gives us the model
of the main theorem.

The paper is organized as follows: After giving preliminary definitions and re-
sults, we construct the tools we need to carry out the main construction: In Section
2, we prove iteration theorems and other statements regarding Prikry-type forcings.
In Section 3, we investigate the Laver-Ideal Property which is used in the definition
of the Namba forcing. In Section 4, we define a forcing which collapses the succes-
sor of a singular cardinal without making it approachable and derive its properties.
In Section 5, we define an iteration of instances of the forcing from Section 4 and
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show that it forces, for a specific u, that for every singular § > p with countable
cofinality, there are stationarily many non-approachable points in § T with cofinality
w. Finally, in Section 6, we construct an iteration of instances of the forcing from
Section 5 and prove our main theorem.

Acknowledgments. The author wants to thank the referee for their diligent read-
ing and valuable comments, leading to an improvement of the manuscript.

1. PRELIMINARIES

We will assume the reader is familiar with the basics of forcing, large cardi-
nals and elementary embeddings. Good introductory material can be found in the
textbooks by Jech (see |Jec03]), Kunen (see [Kunll]) and Kanamori (see [Kan94]).
More specialized material relevant to this paper appears in the chapters by Cum-
mings (regarding elementary embeddings; see [Cum10]), Foreman (regarding large
ideals on successor cardinals; see [ForlQ]), Eisworth (regarding the behavior of
successors of singular cardinals; see [Eis10]) and Gitik (regarding properties and
iterations of Prikry-type forcings; see [Git10|) in the Handbook of Set Theory.

In this section, we give preliminary definitions and results which will be used
throughout this paper.

1.1. Approachability, Colorings and Supercompact Cardinals.

The approachability ideal was introduced by Shelah in [She79] in order to obtain
results regarding the indestructibility of stationary sets under sufficiently closed
forcings:

Definition 1.1. Let p be a cardinal. A set S C p™t is in the approachability ideal
I[pt] if there is a club C' C p and a sequence (x;);<,+ of elements of [p+]<* such
that for any v € SNC, v is approachable with respect to (x;);<,+, i.e. thereis A C v
unbounded of minimal order-type such that whenever § € v, AN € {x; | i < ~}.

The approachability property AP, states that I[p™] is improper, i.e. pt € I[ut].

Although not directly relevant to the contents of this manuscript, the approach-
ability ideal I[u™] for singular p is intimately related to the concept of scales:

Definition 1.2. Let y be a singular cardinal with countable cofinality. Let (tn)new
be an increasing sequence of regular cardinals converging to p. A (1", (tn)new)-
scale is a sequence (fq)a<,+ such that:
(1) For all a < put, fo €[], 0 tni
(2) For all &« < B < p*, fo <* fg, L.e. there is k € w such that fo(n) < fg(n)
for all n > k;
(3) For all g € [],,c,, ttn there is o < pu such that g <* fo.

Given a (), (fn)new)-scale (fo)a<p+, We say that an ordinal v < p* is good for
(fa)a<u+ if there exists an unbounded A C 7 and k € w such that for all n > k,
the sequence (fo(n))aca is strictly increasing. v < p™ is bad for (fo)a<,+ if it is
not good for (fa)a< -

Given a (i, (jin)new)-scale f and a set S C pT in I[u*], Shelah showed that
there is a club subset C C p™ such that every v € SN C is good for f On
the other hand, answering an old question due to Shelah, Maxwell Levine and the
author showed in [JL25| that it is consistent to have a (Ry41, (R )new)-scale f
such that club many points in R,,; are good for f, but N,41 ¢ I[N,41]. In our
model, there will also be many instances of this phenomenon: By a folklore resul
whenever fis a (uT, (tn)new)-scale, there is a club subset C' C pT such that any

lsee https://mathoverflow.net/q/296225
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vyelCn Eg;g is good for f Despite this, in our model, this set will clearly be
outside of I[u™].
The approachability ideal can be defined for any cardinal p but its behavior

depends heavily on whether p is regular or singular: If p is regular, Eﬁ; € I[p™]
(see [She9l, Lemma 4.4]) and so I[u*] is completely determined by the membership
of stationary subsets of El‘f. On the other hand, if y is singular, the only known

results are that Eg;(#) is an element of I[u™] and for any regular uncountable

cardinal § < p, I[u*] contains a stationary subset of Ef " (see [Cum05| Theorem
9.2]). As we will show, this result is sharp for successors of singular cardinals of
countable cofinality.

Another difference is in the way the failure of AP, is commonly forced: For
regular p there is a natural correspondence between the non-approachability of
points and the “approximation property” which occurs implicitly in work of Mitchell
(see [Mit72]) and was explicitly defined by Hamkins (see [Ham03]). Due to this,
models where AP, fails are often obtained by employing variants of Mitchell forcing
or side condition posets. On the other hand, the failure of AP, for ;1 singular is most
commonly obtained by taking the “natural failure” of AP, above supercompact
cardinals and “moving it down”. The most direct path to this concept comes by
considering a characterization of approachability using colorings (this idea is also
due to Shelah, see [She79]). We use the presentation from |Eis10].

Definition 1.3. Let u be a singular cardinal and A = p*. Let d: [\]?> — cf(u) be
a coloring. We view d as a function on the ascending pairs of elements of .

(1) dis subadditive if for all a < 8 <y < A,

d(ev,v) < max{d(a, B),d(B,7)};
(2) d is normal if for all o € X and i < cf(u),

HB <ald(B,a) <i}[<p;
(3) An ordinal @ < ) is d-approachable if there exists an unbounded set A C «
such for all g € A,

sup{d(B,0) | B € Ana} < ci(u);
We let S(d) consist of all & < A which are d-approachable.

As Shelah shows in [She79|, whenever p is singular, there is a normal subadditive
coloring d: [u™] — cf(u).

It is clear that A itself is never d-approachable with respect to any normal sub-
additive coloring d: [A\]?> — cf(u). However, we have chosen to include it in the
definition in order to be able to say “A does not become d-approachable in W7,
where W is some outer model.

d-approachability can be simplified as follows (see [Eis10, Corollary 3.27]):

Fact 1.4. Let p be a singular cardinal and d: [u+)? — cf(u) a normal, subadditive
coloring. An ordinal o < p is d-approachable if and only if cf (o) < cf(u) or there
is a cofinal set A C « of minimal order-type and i < cf(u) such that for all § < v,
both in A, d(B,v) <.

In the case where the singular cardinal 4 under consideration is a strong limit,
the previous concepts are connected as follows:

(1) The approachability ideal I[u™] is equal to the weak approachability ideal
I[p™, p]. This ideal is defined almost the same way as I[] but instead of
requiring AN S € {z; | i <} for every 8 < v we merely require each AN S
to be a subset of x; for some i < 7.
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(2) The approachability ideal is generated by a single set modulo the nonsta-
tionary ideal, i.e. there is A € I[u™] such that for any S C u™, S € I[u"]
if and only if S \ A is nonstationary.

Combining this with the connection between I[u*, u] and d-approachability, we
have the following:

Fact 1.5 (|Eis10, Corollary 3.35]). Suppose that u is a strong limit singular car-

dinal and d: [uT)? — cf () is a normal, subadditive coloring. Then S(d)U Ei;(“)

generates I[p+] modulo the nonstationary ideal.

We finish this small exposition with the following helpful fact which states that
whenever « is d-approachable, any cofinal subset of « can be refined to another
cofinal subset on which d is bounded:

Fact 1.6 (|She79, Remark 28]). Let p be a singular cardinal and d: [p]? — cf ()
a subadditive coloring. Let a € pt with cf(a) > cf(u) and suppose that « is d-
approachable. Then whenever A C « is unbounded, there is B C a unbounded and
i < cf(u) such that whenever o < f3, both in B, d(«, ) < i.

We now turn to supercompact cardinals. We use the following idea of Magidor
(see [Mag71]; the terminology is borrowed from [MV21]):

Definition 1.7. Let k < O be regular cardinals. M < H(0) is a k-Magidor model
if the following holds:
(1) MNk €R,
(2) whenever B C M is such that B C C' € M, there is A € M such that
ANM = B.

Magidor showed that the supercompactness of a cardinal k is equivalent to the
existence of sufficiently many x-Magidor models. We only use one direction which
is as follows:

Theorem 1.8 (Magidor). Let k be a supercompact cardinal and © > k regular.
Then whenever x € H(O) there is a k-Magidor model M < H(©) with x € M.

Proof. Let © and z be given. Let j:V — M be a |HY (0)|-supercompact embed-
ding with critical point . Then j(z) € j[HY(0)] < HM(j(©)). We verify that
J[HY(©)] is a j(k)-Magidor model. Clearly j[HY (0)] Nj(k) = k € j(k). Let
B C jl[HV(©)], B C C € j[HY(©)]. Then B = j[A] where A C HV(0©). Further-
more, A € HV(0), since B is a subset of an element of j{[H" (0)]. It follows that
B = j(4) N j[HY ().

It follows by elementarity that there is a xk-Magidor model M < H(©) with
reM. O

We will also make use of Laver functions in order to obtain indestructibility
results:

Definition 1.9. Let x be a supercompact cardinal. I: kK — V,; is a Laver function
if for any = and any sufficiently large A there is a A-supercompact embedding
j:V — M with critical point x such that j(I)(k) = x.

Laver showed (see |[Lav78|) that any supercompact cardinal carries a Laver func-
tion:
Theorem 1.10. Let k be supercompact. Then there is a Laver function j:V — M.
Since elementary embeddings and transitive collapses are “dual” to each other,
the following lemma is not surprising. Recall that for any extensional well-founded

structure (M, E), the Mostowski-collapse mps: (M, E) — (N, €) is defined induc-
tively by mar(z) :={mm(y) | y € M ANyEx}.
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Lemma 1.11. Let k be a supercompact cardinal and © > k reqular. Let I: k — Vj
be a Laver function. Then whenever x,y € H(O) there is a k-Magidor model
M < H(O) such that x,y € M and I(M N k) = mp(y).

Proof. Let © and z,y be given. Let j:V — M be a sufficiently supercompact
embedding with critical point x such that j(I)(k) = y. As before, the pointwise
image j[HY(0)] < HM(j(©)) is a j(k)-Magidor model. One shows by induction
that ;v (@) (j(a)) = a whenever a € HY(0), which shows the statement (for
more details, see |[Jak25, Lemma 5.4.14]) O

Lastly, there is the following connection between Magidor models and normal,
subadditive colorings:

Lemma 1.12. Let k be a supercompact cardinal, let § > k be a singular cardinal
such that cf(8) < x and let © > § be reqular. Let d:[67]* — cf(8) be normal and
subadditive and let M < H(O) be a k-Magidor model with d,0 € M. Then the
following holds:

(1) Letting p := sup(M N 1), cf(p) is the successor of a singular cardinal U
with cofinality cf(9).

(2) There is an unbounded subset A C p (we can choose M N §+) such that
whenever a € A and i < cf(9),

{BeAna|d(B,a) <i}|<U.

Proof. For (1), we first note that whenever u € M is a cardinal, otp(M N p) is a
cardinal as well: Otherwise, there is o < otp(M N p) and a well-order X C a X «
with order-type otp(M Nu). It follows that o = otp(M Nv) for some v < pu, v € M
and there exists B C M Nv x M N v with order-type otp(M N u). Let A € M be
such that AN M = B. Then by elementarity A C v x v and otp(M) = p. But this
contradicts the fact that u is a cardinal.

Furthermore, we know that sup(M N ¢§) = ¢, since cf(d) < k. It follows that
otp(M N¢) is a cardinal and has cofinality cf(d) (since, whenever f € M is a cofinal
function from cf(§) into §, f [ (M Nef(d)) = f is a cofinal function from cf(d) into
M N4). Tt follows that otp(M NdT) = otp(M N )T, so otp(M N ™) (which equals
cf(sup(M N 671))) is the successor of a singular cardinal with cofinality cf(§). We
let U := otp(M N §).

For (2), as claimed, we choose A := M Né*T. Let « € A and i < cf(d). Then
Ay ={f e Ana|d(B,a) <i} C MNa and so there is B € M with BNM = A,.
It follows by elementarity that B = {8 € a | d(8,a) < i}. Again by elementarity,
|B|< 4, so there is (in M) some u < ¢ and a surjection f:y — B. Then f [ (uNM)
is a surjection from (u N M) onto BN M = A,. Since p < ¢ and otp(M NJ) is a
cardinal, it follows that otp(M N u) < otp(M N J) = U and we are done. O

It follows from (2) that d induces a normal, subadditive coloring on UV in the
following way: Let f: 0" — M N6T be order-preserving. We let e: [UF]? — cf(U) =
cf(4) be defined by e(w, 5) = d(f(«), f(8)). Then e is a normal, subadditive
coloring on . Additionally, in any outer model, p is d-approachable if and only
if U is e-approachable (by Fact . This shows that the problem of obtaining
non-approachable points of arbitrary cofinality reduces to the question of whether
or not, given a singular cardinal § and a regular cardinal p < J, it is possible to
collapse |67 |= p without making 6 d-approachable with respect to any normal
subadditive coloring d: [§7]?> — cf(§). This problem was answered by the author
and Levine in [JL25|. In Section 4, we will introduce a poset with the same crucial
property which can be defined using (in practice) much weaker hypotheses which
allows us to iterate the construction and prove our main theorem.

So in summary, we have shown:
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Lemma 1.13. Let & be a supercompact cardinal. let p > & be singular with cf(u) <
k. Then whenever d:[uT)?> — cf(u) is a normal, subadditive coloring, there are
stationarily many o € pt which are not d-approachable. In particular, u™ & I[u™].

Lastly, we prove that Magidor models have transitive collapses which reflect
many set-theoretical statements. This mirrors the fact that for all “bounded” state-
ments ¢, one can find a sufficiently supercompact embedding j: V' — M such that
V= ¢ & M E ¢ due to the closure of M:

Lemma 1.14. Let k be a supercompact cardinal, let © > k be reqular and let
M < H(O) be a k-Magidor model. Let m: M — N be the transitive collapse of M.
Whenever 6 € M is reqular, H(w(d)) C N.

Proof. Since every element of H(7w(d)) can be coded as a subset of m(d), it suffices
to show that P((8)) € N. To this end, let + C 7(5). Then 7—1[z] € 6N M and so
there is A € M with ANM = 7![z]. Then n(A) =n[ANM]==z€ N. O

So this means that whenever M < H(O) is a x-Magidor model, the transitive
collapse N is elementary in V for every statement which is verifiable by some large
enough H(w(©')) for © € H(O).

1.2. Forcing.

In this subsection, we introduce some lesser known definitions and facts regarding
the technique of forcing. Our notation is standard. To reduce confusion, we write
< k-closed (directed closed; distributive; etc.). We follow the convention that filters
are upwards closed, so that if p < ¢, p forces more than ¢q. Given a poset P, we let
T'p be the canonical P-name for the P-generic filter, i.e. T'p := {(p,p) | p € P}.

We start with the separative quotient:

Definition 1.15. Let P be a poset. On P, define the equivalence relation ~ by
p ~ ¢ if and only if Vz(z L p <+ z L ). Define < on P/~ by [p] < [q] if and
only if Vr < p(r|lg). Then (P/~, =) is called the separative quotient of P and
h:P — (P/~), h(p) = [p] is the quotient mapping.

It is easy to verify that p < ¢ — h(p) = h(q) and p, ¢ are compatible in P if and
only if they are compatible in P/~. Additionally, one sees easily that P and P/~
are forcing equivalent.

We will also make use of projection analyses. In the literature, there are two
common ways of defining projections, one due to Abraham (see [AM10} Page 335])
and a slightly more general one due to Cummings (see [Cum10, Definition 5.2]). In
this work, we will use the definition due to Cummings, since the results it provides
are sufficient for usfl

Definition 1.16. Let P and Q be posets. A function m:P — Q is a projection if
the following holds:
(1) 71'(1[@) = 1@.
(2) Whenever p € P and q < 7(p), there is p’ < p such that 7(p’) < ¢.
The existence of a projection from P onto Q implies that, after forcing with Q,
the resulting model can once again be extended by forcing to a model which is a
forcing extension by IP. This is done using the quotient forcing:

Definition 1.17. Let P and Q be poset, m:P — Q a projection. Let G be a Q-
generic filter. In V[G], we let P/G consist of all those p € P such that 7(p) € G,
ordered as a suborder of P. We call P/G the quotient forcing of P and G. We also
let P/Q be a Q-name for P/T'g and refer to P/Q as the quotient forcing of P and
Q.

2See https://mathoverflow.net/q/466836 for a discussion regarding the discrepancy.
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The quotient forcing actually works as intended:

Lemma 1.18. Let P and Q be posets, m:P — Q a projection. Let G be a Q-
generic filter and let H be P/G-generic over V|G]. Then H is P-generic over V
and H = w[G]. In particular, V|G][H] = V[H].

It follows that, after forcing with Q, we can perform further forcing to reach a
forcing extension by PP. This allows us to obtain regularity properties for a poset
Q by finding a well-behaved poset P and a projection 7: P — Q. It is clear that in
this situation, if P does not collapse certain cardinals or add sequences of ordinals
of a certain length, neither does Q, since any forcing extension by Q is contained
in a forcing extension by P.

For iterations, one can easily find projections by using the termspace forcing, an
idea due to Laver:

Definition 1.19. Let P be a poset and Q a P-name for a poset. Then the termspace
forcing (T(P,Q), <) is defined as follows: Conditions are P-names ¢ for elements of
Q (ie. 1p Ik ¢ € Q), ordered by ¢’ < ¢ if and only if 1p I ¢' <¢ ¢

Using standard arguments on names, one shows:

Lemma 1.20. Let P be a poset and Qa P-name for a poset. The identity function
is a projection from P x T(P,Q) onto P x Q.

We will actually use an extension of the previous result (which is nonetheless
shown using almost the same arguments):

Lemma 1.21 (Foreman [For83]). Let (Po,Qq)a<r be a full support (Easton sup-
port) iteration. Let T := [] .., T(Pa,Qq), where the product is taken with full
support (Easton support). Then the identity is a projection from T onto the inverse

(Easton) limit of (Py, Qa)a<s-

Proof. We do the proof in the full support case, but the proof in the Easton support
case is entirely the same.

Let P := (P, <p) be the inverse limit of (P, Qa)a<ﬁ. Denote by <t the ordering
on T. It is clear that the identity is a function from T onto P and preserves the
ordering. Let p € P and let ¢ <p p. We want to find p’ <t p with p’ <p t. By
induction on a, let p’() be a P,-name for an element of Q. forced by p’ | a to be
equal to t(a) and by conditions incompatible with p’ | « to be equal to p(«). Since
p'(«) is in any case forced to be below p(a), p’ <t p. Since p’(«) is always forced
by p’ | « to be equal to t(«), p’ <p t. O

The proof of the main theorem is done by successively forcing, for a regular
cardinal p, that for every singular 6 > p the set El‘f is not in I[§"]. In order to
prove that the desired conclusion holds, we must therefore show that the tail of
the iteration does not destroy the stationarity of the already added sets that lie
outside of I[67]. We will do so by proving that a certain elementary embedding
lifts through the forcing extension, which requires us to show that the tail forcing
is sufficiently directed-closed:

Definition 1.22. Let P be a poset. X C P is directed if whenever p,q € X, there
is 7 € X such that r < p,q. If p is a cardinal, P is < u-directed closed if whenever
X C P is directed and | X |< p, there exists p € P such that p < ¢ for every ¢ € X.

In the proof of Lemma there is a single point where the established notion
of directed closure seems to be insufficient, unless the poset under consideration is
separative. Since the closure of a poset might fail to be inherited by its separative
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quotientﬁ we are defining the following strengthening of directed closure instead
and using it to prove that the separative quotient of our considered poset is directed-
closed.

Definition 1.23. Let P be a poset. X C P is weakly directed if whenever p,q € X,
there is 7 € X such that r IF p € Tp A ¢ € T'p. If p is a cardinal, P is strongly
< p-directed closed if whenever X C P is weakly directed and | X|< pu, there exists
p € P such that p < ¢ for every ¢ € X.

We note that r IF ¢ € I'p if and only if ¢ is compatible with every extension of
r: On one hand, if there is s < r which is incompatible with ¢, any generic filter
containing s contains r but not g. On the other hand, if ¢ is compatible with every
extension of r and G is P-generic containing r, the upward closure of G U {¢} is a
filter and thus equal to G by genericity. Hence, ¢ € G and since G was arbitrary,
rl- g e p.

Clearly, for separative forcings P, X C P is weakly directed if and only if it is
directed, since p IF ¢ € I'p if and only if p < ¢g. One might think that the notion
of strong directed closure could be made redundant by simply working with the
separative closures of our partial orders but in general the separative closure of a
partial order must not share the same closure properties as the original poset.

Strong directed closure however is inherited by the separative quotient:

Lemma 1.24. Let P be a poset and p a cardinal. If P is strongly < p-directed
closed, then the separative quotient of P is < u-directed closed.

Proof. Let h:P — P/~ be the quotient mapping and let X C P/~ be directed,
|X|< p. Let X be such that X = {[p]~ | p € X}. Then |X|= |X| and X is
weakly directed: Let p,q € X. Since X is directed, there is r € X such that
[r]l~ = [P]~[g]~. It follows that any extension of r is compatible with p and gq.
Ergo, [r]~ IF [pl~ € T'p/u A[gl~ € I'pyn. Since P is strongly < p-directed closed,
there exists p € PP such that p < ¢ for every ¢ € X. Then whenever [q]~ € X,
g€ X, s0 h(p) < h(q) = [g]~. Ergo h(p) is a lower bound of X. O

It is easy to see that strong directed closure is productive. Additionally, the usual
proof of the iterability of directed closure goes through for strong directed closure
as well. Note that, in general, this does not automatically follow from the iterability
of directed closure, since two-step iterations typically fail to be separative.

Lemma 1.25 ([Jec03, Lemma 21.7]). Let p be a reqular cardinal.

(1) IfP is strongly < p-directed closed and IFp “Q is strongly < [i-directed closed”,
then P x Q is strongly < u-directed closed.

(2) Ifcf(e) > p and Py is a direct limit of (Pg)g<a such that each Pg is strongly
< p-directed closed, then P, is < u-directed closed.

(3) IfP, is the limit of a forcing iteration (Pg,Qp)s<a such that for each limit
ordinal B < «, Pg is either a direct limit or an inverse limit and it is an
inverse limit if cf(B) < p, then P, is p-directed closed.

Proof. We show just the first statement, the other ones follow just as in the original
source. So let P and Q be as given and let X C P % Q be weakly directed, X =
{(ParGa) | @ < v} (v < p). Tt follows that {p, | « < v} is weakly directed (if
(po,do) IF (p1,41) € I'p,g, then in particular po I- p1 € I'p) and so there is p
such that p < p, for all @ < . Let G be P-generic over V with p € G. Then
{i$ | @ < 7} is a weakly directed subset of Q% (if (po,do) I (p1,d1) € Tp.s
then po IF go IF ¢1 € T'y and so i§ Ik ¢¢ € FQG). Ergo there is ¢ € QF such that

3see https://mathoverflow.net/q/11505
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¢ < ¢¢ for all @ < 7. By the maximum principle we can fix ¢ such that p IF ¢ < g,
for all & < 7. Then (p,q) < (Pa,qa) for all o < 7. O

Another proof which adapts to this new definition is that strong directed closure
is inherited by the termspace forcing. Note that, again, this is not automatic, since
in general the termspace forcing is not separative.

Lemma 1.26. Let p be a regular cardinal, let P be a poset and Qa P-name for a
poset such that IFp “ Q is strongly < fi-directed closed”. Then T(P,Q) is strongly
< p-directed closed.

Proof. Let {¢o | @ < 7} (where v < ) be a weakly directed subset of T(P,Q).
We want to show that whenever G is P-generic, {¢$ | a < v} is a weakly directed
subset of QG. To this end, let G be P-generic and let ag,a; < 7. There exists
g < v such that ¢o, IF da, € FT(]P’,Q) for i = 0,1. In particular, any extension of

(o, (in T(P,Q)) is compatible with ¢q, for i = 0,1. We will show that any extension
of ¢§ (in Q%) is compatible with ¢§ fori=0,1.

To this end, let ¢¢ <pc q'g';. Then there is p € G which forces ¢ <@ o, Let
¢’ be such that p IF ¢ = ¢’ and conditions incompatible with p force ¢ = da,-
Then ¢’ < §q, (in T(P, Q)) and so ¢ is compatible with Ga, (again in T(P, Q)) for
i=0,1. Let ' < ¢/, 4, Then (¢')¢ <g 4C, ()€ but (/)¢ = ¢°, so ¢¢ and ¢C
are compatible for ¢ = 0, 1.

Now since Q is forced to be strongly < p-directed closed, P forces that there is a
lower bound ¢ of {¢, | @ < 7} in Q. Therefore ¢ is a lower bound of {ga | @ <~}
in T(P,Q). O

2. ITERATION THEOREMS FOR PRIKRY-TYPE FORCINGS

Due to technical reasons, most of our results will be obtained using Prikry-type
forcings. In this section, we give definitions and prove results regarding iterations
of these posets.

Definition 2.1. Let (P, <) be a partial order and let <y be another partial order
on P such that < refines <. We say that (P, <,<q) is a Prikry-type forcing if for
every p € P and every statement o in the forcing language there is ¢ <y p which
decides o. The latter statement is known as the Prikry property.

For any Prikry-type forcing (P, <, <q), the order < is only used to derive regu-
larity properties. As such, we will abuse notation and refer to forcing “with P” as
forcing with (P, <). In the same way, we will let “7 is a P-name” refer to the fact
that 7 is a (P, <)-name.

The first example of a Prikry-type forcing is the original poset used by Karel
Prikry to give a measurable cardinal s cofinality w in a forcing extension without
collapsing any cardinals (see [Pri70]): For x measurable and U a normal measure
over k, the forcing P(U) adds a sequence (v, )ne,, which is cofinal in . In particular,
P(U) is not countably closed. However, there is an additional order <* on P(U)
such that (P(U), <, <*) is a Prikry-type forcing notion and (P(U), <*) is < k-closed.
This implies that P(U) does not add any new bounded subsets of x and thus does
not collapse cardinals below and including x. Combined with the x*-cc of P(U) we
can see that no cardinals are collapsed even though the regularity of x is destroyed.

Other examples include variants of Namba forcing. The original Namba forcing
(see |BCHI0]) shares some similarities with Prikry forcing. It adds a countable
cofinal sequence to Ny without collapsing Xy. If CH holds, it is even true that no new
reals are added. However, in the case of Namba forcing, both of these regularity
properties follow from abstract considerations (such as Shelah’s I-condition, see
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[Shel7, Chapter XI)) which introduce complications regarding the preservation of
larger cardinals and iterability. To remedy both of these problems, we will be using
Namba forcings defined from particularly well-behaved ideals which function more
similarly to supercompact Prikry forcing.

We start with the problem of iterating Prikry-type forcings. This was largely
solved by Magidor in his famous paper proving that it is consistent that the first
strongly compact cardinal can also be the first measurable cardinal. He achieved
this by successively singularizing every smaller measurable cardinal (see [Mag76]|).
We will be using iterations both with full support and with Easton support. The
most important point that makes sure the iterations have the Prikry property is
the restriction on where non-direct extensions can be used: For full support, only
finitely many non-direct extensions are allowed while for Easton support, arbitrar-
ily many non-direct extensions are allowed outside the previous support and only
finitely many non-direct extensions are allowed inside the previous support.

We begin with the definition and properties of full support iterations:

Definition 2.2. Let ((Pa, <o) <a.0); (Qa <a, <a. 0))a<p be a sequence such that
each (Py, <o, <q4,0) is a Prikry- type poset and each (Qa, <4 Sa 0) is a P,-name for
a Prikry-type poset. We define the statement “((Po, <a, <a.0); (Qu, <a, <0.0))a<p
is a full support Magidor iteration of Prikry-type forcings of length p” by induction
on p.

(P, <oy <a0), (Qa, <as éa,O))a<p is a full support Magidor iteration of Prikry-
type forcings of length p if (Pa, <a,<a.0)s (Qa, a,fa 0))a<p/ is a full support
Magidor iteration of Prikry-type forcings of length p’ for every p’ < p and moreover:

(1) If p = p’ 41, then (Ppa Sp) = (Pp’a'gp’) * (Qp'v > ) and (p q ) =p,0 (pa Q)
if and only if p’ <, o p and p’ IF ¢'<, 4.
(2) If p is a limit, then [P, consists of all functions p on p such that for all a < p,
p | a € P, and the following holds:
(i) p' <, pifand only if p’ [ p' <, p | p’ for every p’ < p and there
exists a finite subset b of p such that whenever p’ ¢ b, then p’' | p’ IF
P (P")<prop(p)-
(ii) p’ <0 pif and only if p’ <, p and the set b is empty.

So we take the usual full support iteration with the caveat that we are only
allowed to pass to a non-direct extension at merely finitely many coordinates. This
is necessary in order to obtain that such iterations have the Prikry property:

Lemma 2.3 (|Git10, Lemma 6.2]). Let (Pa, <o) <a.0); (Qas <a) <a 0))a<p be a

full-support Magidor iteration of Prikry-type forcmgs of length p. Then each P,
has the Prikry property.

It follows just as in Lemma that the following holds (since <, o refines <,
so that any <, g-lower bound is also a <,-lower bound):

eration of Prikry-type forcmgs of length p and v a cardinal. Assume that for each
a < p, Py forces that (Qm <a,0) is strongly < fi-directed closed. Then for each
a < p, (Pa,<a0) is strongly < p-directed closed.

Lemma 2.4. Let ((Po, <qa, <a,0)s (Qa, <o éa,O))a<p be a full-support Magidor it-

We now introduce the Easton-support Magidor iteration which has the following
curious change: In the full-support iteration we are only allowed to take non-direct
extensions finitely often. However, in the Easton-support iteration we are allowed
to take arbitrarily many non-direct extensions provided that they occur outside of
the support (inside the support, only finitely many extensions are allowed). As
before, this is necessary in order to obtain the Prikry property.
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Definition 2.5. Let ((Py, <4, <a.0), (Qa, < s §a70))a<p be a sequence such that

each (Py, <4, <a,0) is a poset and each (Qa, <o éa,O) is a Py,-name for a Prikry-
type poset. We define the statement “((Pa,ga,gmo),((@a,éa,ga,o))a@ is an
Easton-support Magidor iteration of Prikry-type forcings of length p” by induction
on p.

(Pay <oy <a,0)s (Qas <oy <a0))a<p is an Easton-support Magidor iteration of
Prikry-type forcings of length p if (Pa, <a, <a,0)s (Qa, <as <a.0))a<, is an Easton-
support Magidor iteration of Prikry-type forcings of length p’ for every p’ < p and
MOoreover:

(1) If p= p' + 1, then (P, <) = (P, <p) * (Qu, <) and (p',¢') <p0 (,9)
if and only if p’ <, o p and p’ IF ¢'<, 4.
(2) If p is a limit, then IP, consists of all functions p on p such that
(a) Foralla < p, p [ a € P,,
(b) If p is inaccessible and |P,|< p for every o < p, then there is some
B < p such that for all v € (8,p), p [ v IF p(y) = 1Qw'
and the following holds:
(i) p' <, pifandonlyifp’ | p' <, p | p’ forevery p’ < p and there exists a
finite subset b of p such that whenever p’ ¢ band p [ p" JFp(p') = 1¢
. P
then p’ [ p" - p'(p") <, 0p(p').
(i) p’ <, pif and only if p’ <, p and the set b is empty.

And we have the following (see |Git10, Section 6.3] or [JL25, Lemma 2.4] for a

more detailed proof):

Lemma 2.6. Let p be an ordinal. Assume that ((Pa, <o, <a.,0), (Qa, < éa,O))a<p

is an Faston-support Magidor iteration of Prikry-type forcings of length p. Then
each P, has the Prikry property.

And we have almost the same lemma as in the case of the full-support iteration
with the obvious caveat that we are taking direct limits at inaccessible cardinals
which are larger than the size of any initial segment of the iteration thus far.

Lemma 2.7. Let (Po, <a, <a,0)s (Qa, <o <a.0))a<p be an Easton-support Magi-
dor iteration of Prikry-type forcings and p a cardinal such that p < § whenever d is
inaccessible and [Py |< & for all o < 8. If for all a < p, P, forces (Qa, éa,O) to be
strongly < fi-directed closed, then for all a < p, (Py,<q,0) is strongly < p-directed
closed.

It is clear that the Prikry property amounts to being able to decide ordinals < 2
using direct extensions. This is generalized for larger cardinals by the following
definition:

Definition 2.8. Let (P, <, <y) be a Prikry-type forcing and ¢, u be cardinals.

(1) We say that (P, <,<q) has the direct (9, u)-covering property if whenever
p € P and 7 is a P-name such that p IF 7 € [g]<?, there is ¢ <o p and
x € [p]<% such that pl- 7 C .

(2) We say that (P, <,<q) has direct u-decidability if whenever 7 is a (P, <)-
name for an ordinal and p € P forces 7 < fi, there is v < p and p’ <o p
such that p' IF 7 = 7.

(3) We say that (P, <,<q) has almost direct p-decidability if whenever 7 is a
(P, <)-name for an ordinal and p € P forces 7 < fi, there is v < p and
p’ <o p such that p’ IF 7 < 7.

Clearly, direct p-decidability is equivalent to the direct (2, p1)-covering property.
Furthermore, whenever p is regular, almost direct u-decidability is equivalent to
the direct (i, p)-covering property.
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The proof of the iterability of the Prikry property (i.e. direct 2-decidability; see
e.g. |JL25, Lemma 2.4]) can easily be generalized to prove the following lemma:

Lemma 2.9. Let (Po, <o) <a,0)s (Qa, < s éa,o))a<p be an FEaston-support Magi-
dor iteration of Prikry-type forcings and p be a cardinal. Suppose that for all o < p,
(Po, <) preserves p and forces that (Qq, <4, <a,0) has direct u-decidability

Then (P,, <,,<,0) has direct p-decidability.

One criterion for p-decidability is a sufficiently closed direct ordering (since we
can always “exclude” ordinals using direct extensions). In the case where p is not
a strong limit, one even has a “pumping-up” phenomenon:

Lemma 2.10 ([JL25, Lemma 2.6]). Let (P, <, <) be a Prikry-type forcing and p
a reqular cardinal such that (P, <g) is < u-closed. Then:

(1) P has direct y-decidability for every v < p.
(2) Whenever v,v' < pu, p € P and 7 is a P-name with p |+ 7:4 — ¥/, there is

q<op and f:v — 7 such thatql-7 = f.
(3) If u is not a strong limit, P has direct p-decidability.

Lastly, we have the following result on almost direct decidability for singular
cardinals: Note that the corresponding lemma is false for direct decidability since
it is possible to have forcings which add w-sequences to singular cardinals sup,, xy,
without adding any subsets to any &,,.

Lemma 2.11. Let § be a singular cardinal with cf(0) = p. Let (P,<,<q) be
a Prikry-type forcing that has almost direct p-decidability. Then (P,<,<q) has
almost direct §-decidability.

Proof. Let 7 be a P-name for an ordinal and p € P which forces 7 < 4. In V, let
f:p — 0 be increasing and cofinal. Let o be a P-name for an ordinal such that p
forces 7 < f (o). Then by almost direct p-decidability there is ¢ <o p which forces
o < 4 for some v < . Ergo q forces 7 < f(%). O

For full-support iterations, we have a strengthening of Lemma since only
finitely many non-direct extensions are allowed in general:

Lemma 2.12. Let p be an ordinal. Assume that ((Pu, <4, <a,0)s (Qa, éonéa,O))
is a full-support Magidor iteration of Prikry-type forcings of length p and 6, are
cardinals. If for all a < p, P, preserves § and p and forces that (Qa, §a7§a70)
has the (8, fi)-covering property, then the full support limit (Py, <4, <p0) has the

(6, 1)-covering property.

Proof. We prove the statement by induction on p. In case p =1, it is clear.

Assume the statement holds for p’ and p = p' + 1. Let p € P, and 7 be a
Pp-name for a < d-sized subset of p (forced by p). Then p [ p’ forces that p(p’)
forces that 7 is a < 0-sized subset of fi. Since (Q,, < Sp',o) is forced to have the
(5 , [t)-covering property, by the maximum principle, we can find a P,,-name ¢ and
a P,-name ¢(p’) such that

plooeli<Ag()IFrCo.

By the inductive hypothesis, there is a direct extension ¢ [ p" <, p | p’ and
x € [u]<° such that ¢ | p' IF 0 C #. Tt follows that (¢ | p,q(p')) and = are as
required.

Now assume that p is a limit. Let p be a condition in P, and 7 a P,-name
for a < §-sized subset of . Assume toward a contradiction that there is no direct
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extension of p which covers 7 by a ground-model set of size <. By induction on
a < p we define a condition ¢ <g p such that

q | alkp, —o,

where (letting (P, s Zaps <(a »),0) be a Py-name such that P, = P, * P, »)

00 :=3rcP, 3z € i ]<5(r (a0 Pl la,p) AriET C 2.

Assume ¢ | « has been defined. We let g(a) be a P,-name for a condition such
that ¢ | « forces that ¢(«) decides 0,41 (this is possible as Q. is forced to have
the Prikry property). We claim that ¢ | a IF ¢(a) Ik —0q41. Otherwise there is
r < q | « forcing g(a) IF 0441 (since ¢(«) is forced to decide o441). But then we
can apply the maximum principle to find 7 € Pa+1,p and 7 € [,EL]<5 such that

qlalkqg(a)lFilkrCi.

But as in the case of the successor step, this already implies that there is y € [u]<°

such that ¢ | « forces that (¢(«),7) forces 7 C ¢, a contradiction, as ¢ [ a IF =0y,
Now assume that oo < p is a limit and for every 8 < a, q [ B IF —o5. We claim
that ¢ | a IF —o,. Otherwise there is r < ¢ | « forcing o,. However, then there
is B < asuch that r | Bl r | [B,d) <o q | [3,¢c). This easily implies that r | 3
forces og, a contradiction.
Now assume ¢ has been defined. By the previous paragraph, we know that ¢ I+

—0,. However, o, is always true, since ¢ forces 7 C 7, so we obtain a contradiction.
O

In general, working with the direct extension ordering on a Magidor iteration
is quite difficult since it does not quite behave like an iteration. Due to this, we
will be using the following idea: Whenever (P, <, <p) is a Prikry-type poset and
(Q, <, <) is a P-name for a poset, (Q, <y) is a (P, <)-name for a posetl As such,
by Lemma the identity function is a projection from (P, <) x T((P, <), (Q, <¢))
onto (P, <)*(Q, <o). However, since < refines <o, we also obtain a projection from
(P, <o) x (T((P, <), (Q,<y))) onto the direct extension ordering on P  Q:

Lemma 2.13. Let k be an ordinal and let ((Po, <o, <a,0), (Qa, <01 <a0,0))a<n be
a full support (Easton support) Magidor iteration of Prikry-type forcings.

Let T := [[,c. T((Pa, <o)y (Qus <a.0)), where the product is taken with full
support (Easton support). Then the identity is a projection from T onto the direct
extension ordering on the inverse (Easton) Magidor limit of the iteration ((Py, <,

’ Sa,O)a (Qou éou éa,O))a<m-

Proof. As in the proof of Lemma we do the proof just for the full support
case.

Let P be the inverse Magidor limit of ((Py, <a, <a.0), (Qa, <ar <o 0))- Recall
that P consists of all functions p on k such that p | a € P, for all a < K, directly
ordered by p <g ¢ if and only if p [ & <n0 ¢ | & for all & < k. Denote by <t the
ordering on T.

It is clear that the identity is a function from T onto P and preserves <g: Let
to,t1 € T with tg <t ¢1. Then t; is a function on  such that for each o < &, to(«)
is a (Pq, <q)-name such that 1p_ IF to(a) € Qa. It follows by induction on « that
to | @ € P, for every a < k (since the iteration is taken with full support). For any
a <k, 1p, IF to(a) <o t1(a). Ergo to [ alb@, <) to(a)<qot1(). It follows again
by induction that ty [ @ <40 t1 [ o for every a < k.

4The ordering < on P is just used to derive some regularity properties
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Now we show that the identity is a projection. Let p € P and ¢ <p p. We want
to find p’ <t p with p’ <p ¢t. By induction on «, let p'(«) be a (P, <,)-name for an
element of Q, forced (over (Po, <4)) by p’ | @ to be equal to t(a) and by conditions
incompatible with p’ | « to be equal to p(«). Then clearly p’ < p, since p'(«) is
always forced to be below p(a) and p’ <g t: By induction, p’ [ a < t [ . Since
talktla) <gpla),p’ | aforces p'(a) = t(a) <o p(a). It follows that p’ <gp. O

3. THE LAVER-IDEAL PROPERTY

In this section, we introduce the Laver-ideal property and prove a characteriza-
tion for posets which force it. This expands on [JL25, Section 3].

Definition 3.1. Let p < v be regular cardinals. We let LIP(u,v, k) state that
there exists I, a <wv-complete and normal ideal over [k]<” such that there is a set
B C It which is dense in IT with respect to C and strongly < u-directed closed.

Classically, by work of Laver (unpublished) and Galvin-Jech-Magidor (see [GIMT78,
Theorem 2]), whenever p is regular and v > p, the Levy collapse Coll(u, < v), which
forces v = u™, also forces LIP(u,v,v). In this section, we prove a characterization
for posets which force LIP (which basically follows from their proof, combined with
ideas of Foreman) and show that when starting from a supercompact cardinal in-
stead of a measurable cardinal, we even obtain LIP(u,v, k) for all kK > v. As will
become apparent in the proof of the main theorem, we do this because we later
have to show that the direct extension ordering on the tail of our iteration forces
enough instances of LIP to make other parts of the iteration work.

Definition 3.2. Let u < v be regular cardinals such that v is measurable. Let P
be a poset. We say that P is a LIP(u, v)-forcing if the following holds:
(1) P is strongly < u-directed closed and v-cc.
(2) PCV,.
(3) There is a club C' C v such that whenever o € C' is inaccessible, there is a
projection m: P — (PN V,) such that whenever X C P is weakly directed,
|X|< pand p € PNV, satisfies p < 7(q) for every ¢ € X, there is p* € P
such that 7(p*) = p and p < ¢ for every q € X.

Condition (3) is a strengthening of the statement that P/(P N V,) is strongly
< p-directed closed but it is in general easier to verify.

Lemma 3.3. Let u < v be reqular cardinals such that v is supercompact. Let P be
a LIP(p, v)-forcing. Then whenever k > v is any cardinal, P forces LIP(u, v, k).

Proof. Let U be a normal < v-complete ultrafilter over [k]<” and let j: V — M be
the associated elementary embedding. Let C' be the club witnessing Definition (3.2
(3). Then v € j(C) is inaccessible and so there is a projection j(P) — (j(P) N VM)
and j(P)NV,M = P (this follows from the fact that VM = VY and j [ V, = idy, ). It
follows that whenever G is P-generic and H is any j(IP)/G-generic filter over V[G],
j lifts to j7: V[G] — M|G][H] in V[G][H] (since j|G] = G). We can now define our
ideal witnessing LIP(u, v, k) as follows: Given X C [k]<” in V]G], let X € I if and
only if for every j(P)/G-generic filter H, j[x] ¢ jT(X).

Claim 1. [ is <v-complete and normal.

Proof. Let (X;)i<y (v < v) be a sequence of elements of I. Let H be any j(P)/G-
generic filter over V[G]. Then j7((X;)i<y) = (7 (X;))i<y and so

il gt X =it &)

i<y 1<y
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i.e. Ui<fyXi el.

For normality, let A € I'™ and let f be a regressive function on A. Let H be
a j(P)/G-generic filter over V[G] such that j[x| € jT(A). Since f is a regressive
function on A, j(f) is a regressive function on j(A) and so j(f)(j[k]) € j[k]. Let
J(f)(4[K]) = j(a) for some « € k. Then, clearly,

jlkl €57 ({z € A f(z) = a})
and thus f is constant on the set {z € A | f(xz) = a} which is a member of I*t. O

Now we have to construct the dense strongly < u-directed closed subset. This
essentially follows from Foreman’s duality theorem (see |[Forl0, Theorem 7.14]),
which states that P([k]<")/I is forcing equivalent to the quotient j(P)/G, but we
give an explicit argument here. For any = € V', let f, € V be a function representing
x in the ultrapower (i.e. j(f.)(j[k]) = ). Also let j* and I be names for jt and
I respectively (in the corresponding poset). By the definition of the lift, it follows
that for any P-name 7, the IP % j(P)/I'p-name j*(7) is equal to the j(P)-name j(7).

We first note the following: If A,B € IT and AIlF B € I'j+, then A~ B € I:
Otherwise A~ B would be a condition in T that is below A and incompatible with
B. We write AC* Bif AN\ Bel.

Let X € V[G] be a subset of [k]<¥, X = 7. Let p € G be such that pl- 7 ¢ I.
It follows that p forces the existence of some ¢ € j(IP)/I'p which forces j[&] € j(7).
By the maximum principle, we can fix a name ¢ such that p I+ ¢ IF j[&] € j(7).

Claim 2. For U-many z € [k]<", a == 2Nk € C, p € PNV, and f4(z) is a
(PN Vy)-name for a condition in P/(Tpav, ) such that (p, f3(x)) (as a condition in
P) forces & € 7.

Proof. Tn M, v = jlx] v € §(C), j(p) = p € j(P) NV, and j(f)(jlx]) =
a (j(IP) NV, )-name for a condition in j(P)/(I';jp)ny,) such that j(p, f4(j[x])

(J(p),i(f)(G[K])) = (p,q) forces j[&] € j(7). This implies the claim, since U =
{X C W% il € 500} :

q is
)

So whenever 7 is a P-name, p € P forces 7 ¢ I and ¢ is such that p Fp ¢ -5y /re
jlk] € 3(7), let A(p,q,7) be the set of all x € [k]<” such that a :=zNv € C and
(p, f3(e)) IF & € 7. When G is P-generic over V and p € G, let B(p, ¢, 7, G) consist
of all those z € [k]<¥ such that (p, f;(z)) € G. It follows that B(p,q,7,G) C 7¢.

Claim 3. In V|G|, B(p,¢,7,G) € I".

Proof. Let H be j(IP)/G-generic over V[G] with ¢ € H. It follows that in M [GxH],
jl] € B(p,d,§(7),G  H) = j* (B(p,4,7)), since (p,4%) € G+ H = j*(G). Ergo
there is a j(P)/G-generic filter H such that j[x] € jT(B(p,¢,7)) so B(p,q,7) ¢
I. (]

So we can let B be the collection of B(p,q,7,G) whenever p € G, 7 is a P-
name, ¢ is a P-name for an element of j(P)/Tp and (p,q) forces j[z] € j(r). It
follows that B is dense in IT. We will show that B is strongly < p-directed
closed. To this end, let D C B with size <p be weakly directed, i.e. for any
B(po, 4o, 70, G), B(p1,¢1,71,G) € D, there is B(p*,¢*,7*,G) which is almost con-
tained in B(po, 4o, 70, G) and B(p1, 1,71, G). We will show that (| D is in IT.

Write D = {B(p;,4;, 73, G) | i <~}. Since p; € G for every i < v there is p € G
such that p < p; for every ¢ < « (since PP is in particular < p-distributive). Again
by the distributivity, we can assume that the sequence (p;, ¢;, i )i<~ is in V. Lastly,
assume that p forces that the collection {B(p;, ¢i, 7i,I'p) | i < v} is directed (note
that we actually mean 7 and '2117 since we work with 7 and ¢ as P-names even in
the forcing extension).



FAILURE OF APPROACHABILITY 17

Claim 4. In V, there are U-many z € [k]<" such that x N"v € C is inaccessible
and p forces that {f,(x) | i <~} is a weakly directed subset of P.

Proof. Let G’ be an arbitrary P-generic filter containing p. Let i < j < 7 and let
k< Y be such that B(pkv q.ka Tk G,) cr B(pla (ji, Tiy G/)v B(pja (jjv Tjs G/) Let H be
§(P)/G'-generic over V[G'] containing ¢&". Tt follows that j[x] € j7(B(pk, gk, T, G")),
since (p,j(f4.)(j[k])) € G' = H. This implies j[x] € j*(B(p;, ¢i, 7, G’')) and j[x] €
FHB i C)s e (b, i(fa) GID) € G Ho(p, j(fa,)GlK]) € G % H (since
jlr] ¢ 77 (X) whenever X € I). As H was arbitrary, j(f4,)(j[x]) forces j(f4)(j[x]) €
G" * Tjpy o and j(fy;)(j[k]) € G" * Ty qr. As G’ was arbitrary, p forces that
J(f4.)(d[k]) forces j(f4,)(ilk]) € T'jm) and j(fg;)(v) € T'jp). This implies the claim
by the definition of the ultrapower. O

Now we show that the quotient forcing is strongly directed-closed:

Claim 5. For any a € C which is inaccessible, P NV, forces that P/(I'pny,) is
strongly < p-directed closed.

Proof. Let G, be PN V,-generic. Let X € V[G,] be a weakly directed subset of
P/G,, of size < p. It follows that X € V. It also follows that 7[X] C PNV, — where
m: P — (PNV,) is the projection — and so there is p € G, with p < 7(q) for every
q € X. By Definition (3), there is p* € P such that 7(p*) = p and p < ¢ for
every q € X. Ergo, p* € P/G, and p* is a lower bound of X. O

So let X be the set witnessing Claim [d] For every z € X, p forces that there
exists a lower bound f;(z) of {fy (x) | i < v}. We are done after showing:
Claim 6. In V|G|, mi<7 B(pi, G, ) € IT.
Proof. In V, for U-many z € [k]<", a:=zNv € C and f;(x) is a PN V,-name for
a condition in P/(I'pny, ) forced by p to extend every fy,(z)). Ergo j(f;)(j[x]) is a
P-name for a condition in j(P)/I' forced by p to extend every j(fs)(j[k]). So let
H be any j(IP)/G-generic filter containing j(f4)(j[x]). Then j(fs;)(j[k]) € H for
every i < - and moreover (p;,j(fs)(4[K])) € G * H for every i < ~y (since p < p;).
It follows that

il €3 | () Bwidom) | = ()3 (B dirm))-

i<y 1<y
EI‘gO mi<7 B(piaq.iaTi) ¢ I O

This finishes the proof of Lemma [3.3

4. COLLAPSING WITHOUT APPROACHABILITY

As stated in the discussion below Lemma[1.12] the main obstacle to obtaining a
model where there are many non-approachable points in the successor of a singular
cardinal is finding a poset which collapses the successor of a singular cardinal of a
given cofinality without making it approachable with respect to any normal, subad-
ditive coloring. To achieve this for x = u*, p singular, Shelah used Coll(cf(u), it).
Assuming the GCH, this poset has size x4 and thus preserves p. In particular, it
does not make u* approachable with respect to any normal, subadditive coloring.
However, this approach has two major drawbacks: On one hand, since larger col-
lapses would also collapse k, it is specific to obtaining non-approachable points of
cofinality cf(u)™ and, since s always needs to be preserved, it cannot be iterated.
As such, it was a major open problem whether there could be a poset which can
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collapse k as a cardinal without making it approachable with respect to any normal
subadditive coloring.

A positive solution to this problem was found by the author and Levine for
successors of singulars of countable cofinality (see |JL25]). In the cited work, we
relied on having LIP(u, R,,,R,,) for infinitely many n € w. In this section we will
show that it is possible to obtain a poset which accomplishes the same task but
can be defined from weaker hypotheses — assuming LIP(u, Ng, R,;) for a single & and
infinitely many n € w. This is crucial in making the later iteration work since we
will just need a single generically supercompact cardinal instead of infinitely many
generically measurable cardinals which is much easier to obtain in practice.

We first introduce our new variant of Namba forcing. Just like in the case of
supercompact Prikry forcing, our trees will consist of sequences of elements of some
[A]<* as opposed to sequences of ordinals. However, unlike supercompact Prikry
forcing, it can be defined for successor cardinals since we are using LIP-ideals as
opposed to supercompact measures.

Definition 4.1. Let (k,)ne, be an increasing sequence of regular cardinals and
i < kg regular. Assume that for each n € w, there exists a < pT-complete ideal I,
over [r,]<#" such that there is a set B, C I which is dense in (I;}, C) and strongly
< p-directed closed. Let (i, (#n, In, Bn)new) consist of all p € |, Hk<n[K’k]<u+
such that

(1) pis closed under restriction.

(2) There is some stem(p) € p such that for all s € p, stem(p) C s or s C

stem(p) and whenever stem(p) C s,

osuce,(s) == {x € [ms|]<”+ | sTx € p} € By
We let p < qif pCq. Welet p <gqif pC qand stem(p) = stem(q).

Since each B,, is dense in I}, we can refine trees which split into elements of I
to conditions in L(u, (kn, In, Bn)new):

Remark 4.2. Let p C U, ¢, Hk<n[m€]<”+ be closed under restriction such that
there is some stem(p) € p such that for all s € p, stem(p) C s or s C stem(p) and
whenever stem(p) C s,
osucc,(s) € Iler‘.

For each s € p with stem(p) C s, choose A, C osuccy(s) with Ay € Bj,. Let ¢
consist of all ¢ € p such that whenever s is an initial segment of ¢ with stem(p) C s,
t(]s|) € As. It follows that, for each t € g, osuccy(t) = A. Therefore, ¢ C p and
q S L([L, (Kna In; Bn)nEw)~

Ergo, in many constructions, we will only aim to produce a tree with (I,)new-
positive splitting sets, knowing that any such tree can be refined into a condition
in }L(,u, (”f’ru I", Bn)néw)-

The forcing functions similarly to regular Namba forcing defined using a sequence
(I )new of ideals on (ky,)new- The main advantage (which is crucial for this paper)
is that we are only assuming a single instance of LIP. Despite this, our Namba
forcing has all of the necessary regularity properties, most importantly the strong
Prikry property (see Lemma , the ability to decide names for small ordinals
using direct extensions (see Lemma and a sufficiently strongly directed-closed
direct extension ordering (see . For the first two results, we will follow Cox-
Krueger (see [CK18|). Previously, similar results were obtained by Cummings and
Magidor (see |[CM11]).

Assumption. (k,)necw is an increasing sequence of regular cardinals and p < kg
is regular. For each n € w, I, is a < ut-complete ideal over x,, and there is a set
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B,, C I} which is dense in I} and strongly < u-directed closed. Define x := sup,, kn,
and k* := (sup,, kn) "

We also fix the following pieces of notation:

Definition 4.3. Let p € L(u, (kn, In, Bn)new) and let ¢ € p.

(1) Wedefinep [t:={sep|tCsVsCt}.
(2) For n € w, we let

osucc, (t) := {r € H (k] <*" |t € p}.
i€[|t],|t|+n—1]

Clearly, p | t € L(p, (Kn, In, Bn)new) whenever p € L(u, (kn, In, Bn)new) and
t € p. If stem(p) C ¢, then stem(p [ t) =¢.

We first prove that (IL(g, (kn, In, Bn)new), <, <o) is a Prikry-type forcing and
derive its regularity properties from a sufficiently closed direct extension ordering.

We start by proving that L(u, (kn, I, Bn)new) has the strong Prikry property. To
do so we introduce the notion of a fusion sequence: Givenp,q € L(u, (Kn, In, Bn)new)
and n € w, we let p <,, ¢ if and only if p <y ¢ and for all k& < n, osucc’;(stem(p)) =
osucc’;(stem(p)) (recall that stem(q) = stem(p)). A sequence (pn)new is a fusion
sequence if ppy1 <, pp for all n € w. Whenever (p,)ne, is a fusion sequence, the
intersection (), .., Pn (sometimes referred to as the fusion limit) is a condition in
L(pt, (Kn, Iny Bn)new) and extends every py,.

Lemma 4.4. Let p € L(u, (kn, In, Bn)new) and let D C L(p, (Kn, In, Bp)new) be
open and dense below p. Then there is ¢ <o p and n € w such that whenever s € q,
|s|=n, ¢ | s€D.

Proof. We will call a condition g < p bad if there is no r <y ¢ and n € w such that
r | s € D whenever s € r with |s|=n. We will assume toward a contradiction that
the lemma fails, i.e. p itself is bad.

Claim 1. Whenever ¢ < p is bad, the set of all x € osucc,(stem(q)) such that
q | (stem(q) ") is not bad is in Ijsem(q)|-

Proof. Assume the claim fails, i.e. the set of all z € osucc,(stem(g)) such that
q | (stem(gq)”x) is not Then by the < p*-completeness of Ijgem(q)| there is a set

A C osuccg(stem(q)) in Irsrtem(q)| and n € w such that for every x € A there is

re <o q | (stem(q)"x) such that whenever s € r,, |s|=n, r, | s € D. However,
then we can let

roi= U{rﬂxeA}.

It follows that r <o ¢ and whenever s € r, [s|=n, r [ 5 = T5(|stem(q)) | 5 € D, 50 ¢
is not bad, witnessed by r and n, a contradiction. O

Now we build a fusion sequence (py,)necw With pg < p such that whenever s € p,,,
|s|= stem(p) + n, p, | s is bad. Let pg := p which obviously works by assumption.
Given p,, and s € p, with |s|= stem(p) + n, we know by the inductive hypothesis
that p,, [ sisbad. By Claim the set A of all z € osucc,, 15(s) such that p, [ (s™z)

is bad is in I‘:tem(q”. So we can let p, consist of all t € p,, | s such that t(]s|) € A. It

follows that py, <o p, | s and we can let p,11 = Usepn,|s\:n ps. Then pnt1 <y pn
and it satisfies the inductive hypothesis.

Now let p be the fusion limit of (p,)nen- Then whenever s € p, |s|> |stem(p)],
p | s is bad, since p [ s <o pn | s. However, since D is open dense, there is
g < p with ¢ € D. Then q <o p | (stem(q)) and so p | (stem(gq)) is not bad, a
contradiction. 0
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From this we can show that L(u, (kn, I, Bn)new) has the Prikry property (and
in fact even direct u-decidability):

Lemma 4.5. Let 7 be an L(p, (Kn, In, Bp)new)-name and p € L(p, (Kn, In, Bn)new)
such that p Ik 7 < fi. Then there is ¢ <o p and v < i such that g IF 7 = 7.

Proof. Let D be the open dense set of conditions deciding 7. By Lemma [4.4] there
is ¢ <p p and n € w such that whenever s € ¢, |s|=n, ¢ | s € D. Assume ¢
was chosen so that n is minimal. We claim that n = |stem(p)|, which implies the
lemma.

Assume toward a contradiction that n > [stem(p)|. We will find r <¢ ¢ such
that whenever s € 7, |[s|=n — 1, r [ s € D, thus contradicting the minimality of n.
Let s € q, |s|=n — 1. Since |s|> [stem(p)|, osuccy(s) € II—:I' For any x € osuccy(s),
there is 7y, such that ¢ | (s™z) IF 7 = ¥,. By the < yT-completeness of I, there
is By C osuccq(s) and s such that for any o € B, ¢ [ (s72) IF 7 = §,. Now
let r® :={t € q | s| |t|< |s|Vi(|s|) € Bs}. It follows that r* < ¢ [ (s”«) and
r*lF 7 =474 ie r* € D. Let r := Useq,\s|:n—1 r°. Then r <y ¢ and whenever
ser,|sl=n—=1,rs=r®and thus r [ s € D. This r is what we wanted to
construct. O

As is common with Prikry-type forcings, L(u, (kn, In, Bn)necw) derives its regu-
larity properties from the Prikry property together with a sufficiently closed direct
extension ordering. For technical reasons — most importantly, to show that our
later iteration forces instances of LIP — we need that the direct extension order-
ing is strongly < p-directed closed. To show this, we first prove some elementary
statements regarding ideal combinatorics.

Definition 4.6. Let I and J be ideals on X and Y respectively. We define the
Fubini product I ® J (which is an ideal on X x Y') by

XxYDAclIeJ:s{reX|{yeY |(x,y)cAyeJ } el
le,Ae(I@J )T ifandonlyif {z € X |{y €Y | (z,y) € A} e JT} eIt.

Lemma 4.7. The Fubini product is associative. In other words, whenever I, J, K
are ideals (on X,Y, Z respectively), then I J) @ K =1® (J® K).

Proof. Let AC X xY xZ. Forx € X, define A, :={(y,2) €Y xZ | (z,y,2) € A}.
Ac(I®J)®K

s{zy)eXxY|{ze€Z]|(z,y,2) €A} e KT} e I®J)
s{reX|{yeY|{z€Z|(z,y,2) e A} e KT}eJT}elI
e{reX|{yeY |{z€Z|(y,2) €A} e Kt eJT}el
s{reX|A, e JoK) el
slreX|{(y,2)eYxZ|(x,y,2) €A} (JRK)T} el
sAclo(JxK)

This finishes the proof.
O

In particular, we may now write expressions such as “Ip ® ... ® I,,” without
using brackets to indicate the order of operations, since e.g. Iy ® (I} ® (I2 ® I3)) =
(Io® 1) ® (I ® I3).

The Fubini product is related to Namba forcing as follows: Given finitely many
sets (Xi)r<n and ideals (Ji)r<n, we say that p C ., [T<; X& 15 @ (Jr)k<n-
Laver-tree if p is nonempty, closed under restriction and for every s € p with
|s|< n, osucc,(s) :={z € X5 | sTx €p} € ng. We let T(p) :={s € p||s|=n}.
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Lemma 4.8. Let Jy,...,J,_1 be ideals. Then a set A C Xg X ... x X,,_1 is in
(Jo®...®Jn_1)T if and only if there is a (Jy)k<n-Laver-tree p such that T(p) C A.

Proof. We prove both directions simultaneously by induction with the beginning
being clear.

Assume the statement has been shown for Jy, ..., J,_1 and let J,, be some ideal.

Let A € (Jo®...®J,) . It follows that for (Jo®...®J,_1)" many s € [, _,, Xz,
{r € X,, | s~z € A} € J. By the inductive hypothesis, let p be a (J)<n-Laver-
tree such that whenever s € p, {x € X,, | s € A} € J}. Let p’ be the tree of
all n 4 1-element sequences s with s [ n € p and (s | n,s(n)) € A. Then p’ is a
(Ji)k<n-Laver-tree and T'(p’) C A.

On the other hand, suppose that A C Xy x...xX,, and pis a (J)k<n-Laver tree
such that T'(p) C A. Whenever s € p, |s|=n, then osucc,(s) € J;I by assumption.
On the other hand, p’ := {s € p | |s|< n} clearly is a (Ji)g<n-Laver tree and
T(p') ={s € p||s|=n}. Therefore,

{0,y Zn_1) € Xo X .. X X1 | {zn € X0 | (w0, ..., 2,) € A} € JTY D T(P)
Since T'(p') € (Jo®...® J,_1)" by induction, A € (Jo®...® J,)*. O

We also have to show that the completeness of ideals is preserved by Fubini
products.

Lemma 4.9. Let I and J be < k-complete. Then I ® J is < k-complete.

Proof. Let A C I ® J be of size < k. We want to show that A:=JA € I® J. For
every z € X, {y €Y | (z,y) € A} = Upealy € Y | (z,y) € B}. This set is in J*
if and only if {y € Y | (z,y) € B} € J* for some B € A, by the completeness of J.
So

{reX|[{yeY|(@yeAteJtt=J{zeX|{yeY|(x,y) eB} et}
BeA
which is in I by completeness. Ergo, A €I ® J. O

Now we can show the result we are actually after:
Lemma 4.10. The poset (L(p, (kn, In, Bn)new), <o) is strongly < u-directed closed.

Proof. Let X C L(u, (Kn,In, Bn)new) be weakly directed with respect to <g. Let
p:=[)X. Note that p is not necessarily a condition in L(u, (kn, In, Bn)new), since
X is only weakly directed. E.g. it is possible that X contains two conditions gy and
¢1 such that for some o € osuccg, (stem(qo)) N osucc,, (stem(q1)), the osucc-sets of
stem(¢;) "« are disjoint for ¢ = 0,1 (as long as this does not occur for too many «).
In that case, the intersection gp N g; contains a terminal node, namely stem(qg) ",
and is therefore not a condition in .. However, we will show that p can be refined to
a condition in L(u, (Kn, In, Bn)new) with the same stem. Let s := stem(p) (which
is also the stem of every ¢ € X). We will assume for notational simplicity that
s=10.
We first prove a general claim. Let L := L(y, (Kn, In, Bn)new)-

Claim 1. If qo,q1 € L, stem(qog) = stem(q;) = 0 and qo I+ ¢1 € T, then for any
neEw,
osuccy () €* osuccy, (0)
where C* is defined with regard to Ip ® ... R I,_1.
Proof. Assume toward a contradiction that A := osuccy (0) \ osuccy () is (Io ®

... ® I,,_1)-positive. By Lemma [4.8| there is an (I)x<n-tree T such that [T] C A.
Let ¢ :={s€qy|s|neT} Weclaim that ¢’ is a condition in L: Let s € ¢'.
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If |s|> n, then osuccy (s) = osuccy,(s) € I\tl so we are done. If |s|< n, then
osuccy (s) = osucer(s), since [T] € A C osuccy, (). But that set is in I\tl as
well by assumption. It follows that ¢’ <y qo and ¢’ L ¢, since for every s € ¢’

with |s|= n, s € A and therefore s ¢ osuccy (#). This contradicts the fact that
qo Ik ¢ € I'. O

This claim implies that the first osucc-set is as required:
Claim 2. osucc, () € I .

Proof. We claim that the collection {osucc,(0) | ¢ € X} is a weakly directed subset
of (By, Q). Given qp,q1 € X, let g2 € X be such that g2 IF go,q1 € T'L. It follows
from Claim (1| with n = 0 that osuccg, () C* osuccg, (0) N osucey, (0), so osuccg, (0)
witnesses that osuccg, () and osuccg, (#) are weakly compatible.

Since (Bo, C) is strongly < p-directed closed and since osucc, () = (¢ x osuccy(0),

the latter set is in IJ. O

We also have that at least for “most” ¢ € osuccy(f), the osucc-sets are large
enough:

Claim 3. Forn € w, {t € osucc () | osuccy(t) € In} € [h® ... @ In_1.

Proof. Let qo,q1 € X. Then there is ¢o € X such that ¢ I+ qp,q1 € T'L. By Claim
We have that osuccl, (0) C* osucck (0), osucck (). Let i < 2 be arbitrary. Then

osuccl ! N osucel T € Iy ® ... ® I, and therefore

{t € osuccy, (0) | {= € [n_]<* | (t,2) € osuccl;™ (0) N osucel T (0)} € L}
isin [p ®...® I,_1 Ergo, we have
{t € osuccy, (0) | osuccy, (t) Z* osuccy, (t)} € [ ® ... @ I 1.
It follows that
Ago.qr.q2 = {t € osuccy, (s) | Fi < 2(t ¢ osuccy, (1) V osucceg, (t) €* osuccey, (1))}

isin Ip®...®I,_1 since it is the union of four sets in [y ®...® I,,_1. Let A be the
union of all Ay 4, ¢, Where go,q1 € X and ¢ witnesses their weak compatibility.
Then A € Iy ® ... ® I,_1 since that ideal is < pu-complete by Lemma It
follows that whenever ¢ € osuccy(0) \ A, the collection {osucc,(t) | ¢ € X} is
weakly directed (first note that ¢ € ¢ whenever ¢ € X): Given ¢g,q1 € X, let ¢o
witness their weak compatibility. By assumption ¢ ¢ A, 4, .4, and so osucey, (t) C*
osucc,, (t),0succy, (t). So whenever t € osuccy () \ A, we have that osucc,(t) =

Nyex osucey(t) € 1, ﬁ", since (B, C) is strongly < u-directed closed. It follows that
{t € osucc, (0) | osucc,(t) € [} CA€h®...® [ 1.
U

Now we let ¢’ consist of all ¢ € p such that osucc,(t) € I}, and for every n,

I]

{r € osuccy (t) | osucey (t77) € Ljyjynt € Ly @ - @ L4 (n—1)-
Let g consist of all those t € ¢’ such that every initial segment of ¢ is also in ¢'.
We claim that ¢ € L and stem(g) = (). By Claim [2| and Claim |3} § € ¢ and so q is
nonempty. It is clearly closed under initial segments by construction. So we have
to show that it splits widely enough. Let t € ¢. By assumption, osucc,(t) € I ‘ng.
Additionally, osucc,(t) consists of all x € osucc,(¢) such that osucc,(t™z) € I IJ{‘ 41
and for every n,

{r € osuccy (t™ ) | osuce, (™27 1) € Lyjy14n} € L+1 @ -+« @ L)
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So suppose osuccy(t) € Ijy. Then osuccy(t) ~\ osuccy(t) € ]|Jtr| and so for every

T € osuccy(t) N\ osucc,(t), either osucc,(t~x) € Ij4; or there is some n such that
{r € osucey (t7x) | osuce,(t™ 27 r) € Iy14n} € Ljg41 @ -+ @ L) ™

By the < uT-completeness of 14|, one of those cases has to occur for I;I many x.
If it is the first one, we directly have

{x € osucc,(t) | osucc,(t™x) € Iy41} € I\jl

contradicting the fact that ¢ € ¢, or more precisely, the second requirement for
n = 1. In the second case, we have that the set

{r € osuccy (t7 ) | osuce, (™27 1) € Ly 414}

is in (Ijy41 @ ... @ Ljgj4q) T Let A := {r € osuccpT'(t) | osucc,(t™7) € Ijyj414n}-
Then the above equation states that

+ +
{z € rp]<" |{re H [k <* | (@,7) € A} € (L) @ ... @ Ijypn) V) € I\—:I'
i€l|t[+1,]t|+n]

In other words, A € (IM ® (I\t|+1 Q... ®I|t\+n))+ = (IM ®... ®I|t|+n)+7 where the
equality follows from Lemma [£.7] But this clearly contradicts the fact that ¢ € g,
or more precisely, the second requirement for n + 1.

In summary, ¢ is a condition in L and a <g-lower bound of X. This finishes the
proof. O

It is easy to see that, after forcing with L(u, (Kn,In, Bn)new), €very k, has
cofinality w (but we will not use this): If b € [[, [kn]<* is the generic branch
and k € w, the function n — sup(b(n) N ki) is a cofinal function from w into K.
However, k* does not have such a small cofinality in the extension:

Lemma 4.11. Assume that 7 is an L(p, (Kn, In, Bn)new)-name for an ordinal and
p € L(p, (Kny In, Bn)new) forces T < &*. Then there is a < k* and q <o p which
forces T < &. Consequently, after forcing with L(u, (Kn, In, Bn)new), cf(k*) > u.

Proof. Let D be the open dense set of conditions which decide 7. By Lemma
there is ¢ <o p and n € w such that whenever s € ¢, |s|=n, ¢ | s € D, ie.
q | sk 7= d;s for some as. Since {s € ¢ | |s|= n} has size < k,,, there is a > a;
for every s € g with |s|=n. It follows that ¢ IF 7 < &.

Now assume that there is v < p, F and p € L(u, (kn, In, Bn)new) which forces
F: 4 — k*. Using the fact that the direct extension ordering is in particular < -
closed, we can find a condition ¢ <q p and ordinals (cas)s<~ such that for every
0<~,qlF F(g) < &g. However, sups_, a5 < £* and so ¢ forces that F is bounded
in £*, a contradiction. ]

The following is our crucial strengthening of the main crux of our earlier work
(see |[JL25 Theorem 4.3]) Tt is a variation of the more well-known < §-approximation
property — that was introduced implicitly by Mitchell in [Mit72] and explicitly by
Hamkins in [Ham03] — which holds for a forcing P if P does not add any new
function whose restrictions to all < §-sized ground-model sets are in the ground
model themselves. On one hand, the assumptions of the theorem are stronger, since
wer require the function to be unbounded. On the other hand, its conclusion is also
stronger, since it states that any such function does not even have an initial segment
which is covered by a small ground-model set. This directly implies that £* does not
become approachable. Crucially, it does so without relying on the assumption that
the poset does not add any new “short functions into small sets”. This assumption
notably does not hold for our poset, since it can be seen straightforwardly that every
regular cardinal between p and sup,, xy, is singularized to have countable cofinality.
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Theorem 4.12. Let Q be an L(t, (Kny Iny Br)new)-name for a < p-closed forcing.
Whenever F: i — i* is forced to be unbounded by some (p, q) € L(tt, (kn, Ins By )new)*
Q, there is (p',¢') <o (p,q) and i < p such that there is no (p”,¢") < (p',q’) and
x €V with |z|< k such that (p”,¢") I+ im(F | 1) C Z.

Let us first prove that this Theorem implies that £* does not become approach-
able after forcing with L(u, (Kn, Inn, Bn)new) * Coll(f, £*):

Theorem 4.13. Let d:[k*]*> — w be a normal coloring. After forcing with the
iteration L(p, (Kn, In, Bn)new) * Coll(fi, £*), k* does not become d-approachable.

Proof. By Lemma m, L(tt, (Ko, Iy Bn)new) * Coll(fi, &*) forces that cf(k*) =
Assume toward a contradiction that there is an L(s, (kn, In, Bn)new) * Coll(ji, &
name A and a condition p which forces A to be a cofinal subset of #* on which d
is bounded with value 7. Let F' be an L(y, (kn, In, Bn)) * Coll(f1, #*)-name for its
increasing enumeration.

By Theorem there is ¢ < p and ¢ <g p such that F [ i cannot be forced to
be covered by a set of size < k by any condition below ¢. Let r < ¢ decide F(i).
Then 7 forces that the image of F' | i is covered by {a < F(i) | d(a, F(i)) < n},
since F' is forced to be increasing and d is forced to be bounded by 7 on the image
of . But by the normality of d, that set has size < x, a contradiction. O

L.

Proof of Theorem [{.13 For simplicity, let L := L(u, (kn, In, Bn)new) and let F
be an L % Q-name for a cofinal function from f into #*. Assume without loss of
generality that this is forced by 1y 4.

For i € i and (p, ) € L * Q, we let ¢(i,p, ¢) state that there exists a sequence
(Az)zeosuce, (stem(p)) Such that for all zg,z1 € osuccy(stem(p)), Az, N Az, =0 and
p | (stem(p) " zo) Ik F(i) € Ay, .

Claim 1. Assume (p/,¢') € L+ Q. Then there is i € p and (p,q) <o (p,¢') such
that ¢(i,p, ¢) holds.

Proof. Let W := osuccy (stem(p’)). By induction on « € W (along some well-order
on W) we will define conditions (pz,q.) <o (p’ | stem(p’)"x), ordinals i, € (j, u)
and sets A, of size < k such that

(P2 4z) I F(%x) € Ax

Let x := min(W). Let i, € u be arbitrary. It follows that there exists (py,¢z) <o
(»' 1 (stem(p)~x),¢’) and n, € w such that whenever s € py, |s|= 1y, Pz | S, Gz)
decides F(i;). Let

Ay = {a | Fs € po(|s|=1a A (D2 | 5,42) IF F(in) = @)}

Clearly, |A,|< k. Suppose the objects have been defined for y € x and x is in W.
Let B :=J A,. Then |B|< k*, since £* is regular. In particular,

(p | (stem(p) "), ¢) IF im(F) £ B

since F is forced to be unbounded in %t and B is bounded in x*. Therefore,
(p T (stem(p)~x),q¢) IF i € ﬂ(F(z) ¢ B). So we can take (pl,d.) <o (p |
(stem(p)~x), ¢’) deciding i = i, for some i, € p (since L*Q has direct p-decidability
by Lemma [4.5] and Lemma [2.9). So we have

(P ) I+ F(iz) ¢ B.
Now proceed as in the base case and find (ps,d.) <o (p,,d,) and n, such that
whenever s € p,, |s|= n., (px | 8,¢s) decides F(i;) and let A, be the set of

yeW,y<zx
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possible decisions (note as before |A,|< ). Since (p,,¢,) I+ F(i) ¢ B, A,NB =0
and so A, N A, = 0 whenever y € W, y < x.

Lastly, we can choose W' C W which is Ijsem(p)-Positive such that for some
i € pand every v € W', i, = i. Let p := (J,cy pe- Then clearly p € L and
p <o p'. Let ¢ be such that p [ = IF ¢ = ¢, for every x € W' (this is possible
as {p | (stem(p)"z) | z € W'} is an antichain in L). Clearly, (p,¢) and ¢ are as
required. O

We now construct a fusion sequence (pn)ncw and a sequence (dp)ne, such that
for all n € w, ppi1 F Guy1<dn and for all s € p, with |s|< n there is some i, € p
such that ¢(is,p [ s,dy) holds.

Let (po,do) <o lp.o be such that @(ig, po, 4o) holds for some iy € p. Assume
(Pn, Gn) has been defined. For s € p,, |s|=n+ 1, we can find (ps,qds) <o (p | 5,dn)
and is such hat ¢(ps, §s,s) holds. Let ppiq := Usepn,|s\:n+1 ps and let ¢,11 be
the mixture of ¢ for s € pny1, [s|= n+ 1, i.e. for every s € ppi1, |s|= n + 1,
Pn+1 f s I Q7L+1 = Qé Clearl% Pn+1 <n Pns Pn+1 I q.n-&-lSQ’n and they are as
required: Whenever s € pp11,|s|=n+ 1, ppt1 [ $ = ps, Pnt1 | $IF Gny1 = ¢s and
they were specifically chosen so that ¢(ps, gs,is) holds.

Now let p be the fusion limit of (p,,)new. Then p forces the sequence (¢, )new to
be descending in <, so by the maximum principle and the countable closure of Q,
we can take ¢ which is forced to be a lower bound.

Let G: [p] — p be the function mapping a branch b € [p] to sup,, (iy}y). For every
a < p, the set {b € [p] | G(b) < a} is closed in [p] with regards to the tree topology,
so by the Rubin-Shelah Theorem (see e.g. [Shel7, Chapter XI, Lemma 3.5 (1)])
and the fact that every I,, is < u*-complete, we can find p’ <q p such that G is
bounded in pg, say with value i. We claim that (p’, ¢’) and i work.

Assume toward a contradiction that (p”,¢”) < (p',¢’), € V has size <k and
(p”,¢") IF im(F | i) C .

Let s € p” be such that stem(p”) C s and k|5 > [z|. We know that ¢(p” |
5,q4",i)5) holds so there is a sequence (Az)weosuccp,/(s) of disjoint sets such that

whenever z € osucc,(s), (p” | (s7z),¢") IF F(is) € A,. Since stem(p”) C s,
osuccy. (s) is Ij5-positive and so has size ;. Thus there has to be x € osucc, (s)
such that A, Ny = 0. But

(" 1 (s72),¢") IF F(ijg) € Ax N

since i[5 < 7, a contradiction. O

5. NON-APPROACHABLE POINTS OF A SINGLE COFINALITY

In [JL25], Levine and the author introduced a poset which, given a supercompact
cardinal k and any n > 1, collapses « to become X,, 1 while forcing that there exist
stationarily many v € R, ;1 N cof(X,,) which are not approachable. In this section,
we introduce a slight generalization of that poset and more explicitely state and
prove its properties. This is the poset which will later be iterated to give us our
main theorem.

Definition 5.1. Let x be a supercompact cardinal and I: Kk — V; a Laver function.
Let 1 < k be regular. We define the poset (A(u, ), <, <o) as the limit of an Easton-
support Magidor iteration (P, QQ)Q<K with the following iterands. For o < p, we
let Qa be trivial.

Case 1: « is inaccessible and |Pg|< « for all 5 < a. We let P, be the direct limit
of (Ps,Qp)p<a-
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Case 1.1: Assume [(a) = (Q, %, (6,)new), Where 6* > « is the successor of a
cardinal of countable cofinality, (,)ncw is an increasing sequence of
cardinals > « which converges to the predecessor of * and (Q, <)
is a Py,-name for a strongly < a-directed closed poset which forces
LIP(fi, it 0,) for all n € w, witnessed by (In,Bn) In this case,
we let Qy = (Q,<,<), we let Qqupq be a P, * (Q, <, <)-name for

(L(ﬂ, (6 Iy Bp)new), <, <o) and we let Qapo be a P, * (Q, <, <) *

(L(ﬂu (5717 Ina Bn)n€w)7 Sv io)—name fOI' (COll(ﬂ, 5*>7 §7 S)

Case 1.2: Assume [(a) = Q, where Q is a P,-name for a strongly < a-directed
closed poset. In this case, we let Qg := la).
Case 2: Assume « is a limit ordinal which is not inaccessible. In this case, let P, be
the inverse limit of (Pg, (@ﬂ)5<a and let Q, be Py-name for (Coll(/i, IP.)), <, <).

The specific choice of defining Qa, Qa+1 and Qa+2 separately instead of merging
them into a single iterand is necessary to ensure that the termspace forcing we are
defining later has the required properties.

We will now analyze the poset from the preceding definition. As in the proof of
[JL25, Theorem 5.3] we can see the following:

Lemma 5.2. Let p < K be cardinals such that p is reqular and k is supercompact.
(1) (A(p, k), <) is k-cc.

(2) (A(p, k), <,<0) is a Prikry-type poset and has direct p-decidability.

(3) (A(u, k), <o) is strongly < p-directed closed.

(4) After forcing with (A(u, k), <), all cardinals < p and > K are preserved,

while every cardinal in the interval (u, k) is collapsed to have size .

Proof. (1) follows using standard methods for iterations with Easton support.
(2) follows from Lemma Clearly, any poset with <=< has direct u-decidability.
The only iterands we use where this is not the case are the instances of L(jz, (05, I, Bp), <, <o).
However, in that case the poset (IL((8,, 1, Bn)), <o) has direct p-decidability by
Lemma (4.5
(3) follows from Lemma [2.7] together with Lemma
(4) now follows from the previous points together with the fact that for any o < &
there is 8 < k with 8 > « such that our iteration involves the poset Coll(y, ). O

We now prove the following technical refinement of [JL25, Theorem 5.1]:

Theorem 5.3. Let k be a supercompact cardinal and let p < k be reqular. Let
(0n)new be an increasing sequence of reqular cardinals with 8o > K and define 6* :=
(sup,, 8,)*. Fiz a normal, transitive coloring d: [6*]*> — w. Assume that P is an
A(p, k)-name for a strongly < k-directed closed poset which preserves §*, every o,
and forces LIP(fi, i+, 0,,) for all n € w. After forcing with A(u, k) (obtaining G), p
remains a cardinal, k = pt and for any large enough © there are stationarily many

M € [HVIC1(©)]<* such that the following holds:
(1) Al w),Bod e M.
(2) cf(sup(M N §*)) = p and sup(M N §*) is not d-approachable.

(3) There exists a condition p € P¢ such that whenever D € M is open dense
in PG, there is ¢ € DN M such that p < q.

Remark 5.4. In the context of generalized properness, the condition in (3) is referred
to as a totally (M,P)-generic condition.

Proof. Fix parameters as in the statement of the theorem. For simplicity, let A :=
A(u, k). Let G be A-generic. In V[G], p remains a cardinal since no bounded
subsets of u are added by Lemma [5.2| (3). By Lemma[5.2[ (4), k = u* in V[G].
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Let © be sufficiently large such that H(©) contains all relevant parameters and
let F:[HVICl(@)]<w — [HVICI(©)]<F. We want to find some M € [H"ICI(@)]<¢
which is closed under F' and satisfies the additional statements. To this end, let F
be a name for F' and let ©' be such that F € HY (©").

By Lemma we can find a x-Magidor model N < HY(©') containing A,
P, d and F such that, with 7x: N — K the Mostowski-collapse of N, (N N k) =

7TN((]P)a (5n)n€wv 5*)

In V[G], N[G] < HV(0")[G] = HVIC(@') and so M := N[G] n HVIC(0) is
closed under F. By standard arguments (see e.g. [Jak25| Lemma 5.3.6]), the s-cc
of A implies the following:

Claim 1. The Mostowski-collapse of N[G] is a map from N[G] to K[r[G N N]JJ.
Moreover, whenever T € N:

(1) If 7€ € V, then 7% € N. In other words, N[G]N'V = N.

(2) TNIG) (TG) = (’/TN(T))W[GQN]. If ¢ €V, then NG (TG) = WN(TG),

We want to verify that M witnesses the conclusion of the theorem.

Let v := M Nk (which is an inaccessible cardinal), v := sup(M N §*) and
d* = otp(M N d*). Since N[G]NV = N, v = NNk, v = sup(N N*) and
d* = otp(IN N d*). Then, by Lemma 0* = cf(y) is the successor of a singular
cardinal of countable cofinality and d induces a normal coloring e on 6* such that
in any outer model, 7 is d-approachable if and only if §* is e-approachable. For
n € w, let 6, := otp(M N J,) = otp(IN N d,). Then each ¢, is a regular cardinal
and §* = (sup,, ,)7.

We fix the following notation: Given £ < k, let A(§) consist of all f € A(u, k)
such that dom(f) C &, ordered as a suborder of A(u, ). It is clear that whenever
& < K, the map p — p | € is a projection from A to A(§). So, for any £ < k, we can
let G(§) be the A(&)-generic filter induced by G. Tt is clear that G(§) = G N A(E)
whenever £ < k and that 7[G N N] = G(v).

We now prove that M satisfies (2). Clearly, A(v) is v-cc since v is inaccessible.

Moreover, (v) = 1 (B, (8 )new)s %) = (7 (B), (37 Jnews 07).

Claim 2. The following holds in V :

(1) 6* > v is the successor of a singular cardinal of countable cofinality;
(2) (6, )new converges to the predecessor of 6* ;

(3) nn(P) is an A(v)-name for a strongly < v-directed closed poset which pre-
serves 6% | every 8, and forces LIP(fi, it, 0, ) for every n € w.

Proof. We prove (1), (2) and (3) simultaneously. Since © is sufficiently large, it
holds in HY (©) that

(1) 0* > k is the successor of a singular cardinal of countable cofinality;

(2) (9,, )new converges to the predecessor of §*;

(3) P is an A-name for a strongly < v-directed closed poset which preserves 6*,

every &, and forces LIP(fi, i*, d,) for every n € w.
Since 7 is an isomorphism, the statements (1), (2) and (3) thus hold in 75 (H" (©)).

By Lemma an(HY(0)) = HV (mnx(©)). Since 7x(0) is sufficiently large, this
implies that all three statements hold in V. O

Let (I,,, Bn) be A(v)-names for 7y (P)-names witnessing item (3). Since A(v) is
just equal to stage P, of the iteration used to define A, it follows that
Av+3) = AWw) * i (P) # L(ji, (8, , In, Bn)new) * Coll(ji, 67).
We now turn to proving the non-d-approachability of v in two stages.

Claim 3. In V[G(v + 3)], cf(y) = p and v is not d-approachable.
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Proof. In V[G(v)], cf(y) = §* is still a regular cardinal and e is still a normal,
subadditive coloring on §*, since A(v) is v-cc. The same is true in V[G(v + 1)],
since 7y (P) is forced to preserve 6* and every §;;. By Lemma and Theorem
in V[G(v + 3)], cf(6*) = p and §* is not e-approachable. Therefore, cf(y) = u
and ~y is not d-approachable in the same model. O

We now verify that the same holds in the final extension V[G]. This extension can
be seen as a forcing extension of V|G (v+3)] using a Prikry-type poset (A(k~\v+3), <
, <o) such that (A(k~v+3),<p) is < p-closed and has direct pu-decidability (using
the same argument as for Lemma (2)). Since there is a strictly increasing and
cofinal function from p to v in V[G(v + 1)], the cofinalities of 1 and 7 are equal in
any outer model. Since u is a regular cardinal in V|G|, cf(y) = p in V[G].

Claim 4. In V[G], 7 is not d-approachable.

Proof. In V[G(v + 3)], fix a function A: y — « which is increasing and cofinal. By
Fact v is d-approachable in V[G] if and only if there is an unbounded subset
of im(A) on which d is bounded. So assume toward a contradiction that n € w and
I is an (A(k ~ v+ 3), <)-name for an increasing function from g into im(A) such
that d is bounded on im(T") with value 7, forced by some a € A(k ~ v + 3).

We now construct an increasing sequence (o)<, of elements of p and a <g-
decreasing sequence (a;)i<, (With ag <o a) of elements of A(k \ v + 3) such that
for any i < y, a; - T'(i) = A(&;). If the sequences have been constructed for j < i,
first let a} be a <¢-lower bound of (a;);<; (or a} := a if ¢ = 0). Then

a) - 3a < w(T(i) = Ala))

so by the maximum principle and the direct u-decidability of (A(k v +3), <, <o)
we can find a; and a; <g a} such that

a; FT(0) = A(d).
Since I' is forced to be increasing and A is increasing, a; > aj for all j <.

Now we claim that {A(«;) | i < p} is a cofinal subset of v on which d is bounded
with value n. First observe that, because the sequence (o )i<, is increasing, the set
{a; | i < p} is cofinal in u and so, since A is increasing and cofinal, {A(«;) | ¢ < p}
is cofinal in ~y. Lastly, whenever j < i < u, we have

ai I d(A(ay), A(d:)) = d(L(j), I(@) < n
so d(A(e;), A(ey;)) < n. Thus, {A(a;) | i < p} witnesses that -y is d-approachable
in V[G(v + 3)] which contradicts Claim O

Lastly, we prove that M satisfies (3). By construction, we know that A = A(v)
7n(P) % R for some poset R. And so, in V[G] there is a filter H C (mx(P))¢®) =
TN[G] (P%) which is generic over V[G(v)]. We note that (7 (P)¢®*)) C K since K
is transitive. By elementarity, 7—'[H] is a directed subset of P% with size < x and
since PY is < k-directed closed, there is a condition p with p < ¢ for all ¢ € 7 [H].
Now assume that D € N[G] is open dense in PY. Then Tnie) (D) is open dense
in WN[G](P)G(”) and in V[G(v)], since myig(D) = ﬂ'N[G](DG) = (WN(D))G(”).
Ergo, H N g (D) contains some condition g. Then in particular ¢ € K and so
w&%c] (q) € M N 7'(';[%6,] [H] N D, since myg) is an isomorphism. This is what we
wanted to show. O

To prove our main theorem we are going to iterate instances of the forcing
A. Theorem will be used to show that, thanks to the existence of master
conditions and enough decidability using direct extensions, later iterands do not
destroy the stationarity of the already added sets of non-approachable points of
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smaller cofinalities. To show that master conditions as required exist, we want to
find a forcing which projects onto A(u, k) and forces LIP(u, u™, ) for all § > x. Note
that in general working with the direct extension ordering on a Magidor iteration
of Prikry-type forcings is quite difficult since that ordering neither behaves like an
iteration nor like a product. However, by Lemma we can take the product of
termspace orderings in order to obtain a poset which is more workable.

Definition 5.5. Let p < k be cardinals such that p is regular and « is supercom-
pact. Let (Pq,Qq)a<x be the iteration used to define A(u, k) (see Definition .
We define
= H T((Paa Sa)a (Qaa Sa,O))
a<lk

where the product is taken with Easton support.
This poset actually works as intended:

Lemma 5.6. Let u < k be cardinals such that p is regular and k is supercompact.

u, k), <) forces k= jit.

k), <) is strongly < p-directed closed.
(:u’v )a 7) 15 a LlP(NJ, ) fOT’C’iTLg.

Proof. (1) follows from standard methods.

(2) follows from Lemma

(3) follows from the fact that T(u, ) preserves x by the k-cc and collapses
every 8 € (u, k) to have size . For every B < k there is some a € (8, k) such
that Q, is a P, -name for (Coll(jz, &), <, <). Tt follows easily that, in this case,
T((Pa, <a), (Qa, < <a,0)) collapses a to have size p.

(4) follows from Lemma [1.26; By that Lemma (and by Lemma , for every
a < K, T((Ps, <a), (Qa,_a 0)) is strongly < p-directed closed. This is clearly
preserved by the product.

For (5), we only have to verify Definition (3). Let C C k consist of all @ € k
such that |Pg|< o whenever § < a. C is clearly club in . Whenever v € C'is
inaccessible, T(u, )NV, =[], <, T((Pa, <a), (Qas <a.0)) and the projection is just
given by p+— p [ v. Let X C P be Weakly directed and suppose p € PNV, is such
that p < ¢ | v for every ¢ € X. Simply let r € P be such that » | v = p and r(7) is
a lower bound of {q(i) | ¢ € X} whenever ¢ € (v,x). Then r is easily seen to be as
required. O

(
E,u,/@), <) projects onto (A(u, K), <o).
(

6. THE MAIN ITERATION

In this section we will prove the main theorem. Let us first explain the idea
behind the construction: If £ is supercompact, the poset A(u, k) prepares the model
as follows: Any further poset which forces LIP(ji, fit, (6,)new) for some increasing
sequence (0, )new Of regular cardinals also forces that there are stationarily many
points in (sup,, §,)" of cofinality p which are not approachable. Given this poset,
it makes sense to iterate the poset A for an increasing sequence of supercompact
cardinals. The main problem, of course, is showing that enough instances of LIP
are forced and the stationarity of the set of non-approachable points of cofinality p
is preserved. The solution to this problem consists of the following two ideas:

(1) By Theorem after forcing with A(u, ) the stationarity of the set of
non-approachable points of cofinality u in §* := (sup,, ,)" is witnessed by
models M such that there are totally (M, P)-generic conditions whenever
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P is a < k-directed closed forcing which preserves §*, every d,, and forces
LIP(j, iT,0,) for every n € w.

(2) Let P be the part of the tail forcing which adds subsets of §*. Then P
is a Prikry-type poset which has almost direct 6*-decidability and a < k-
directed closed direct extension ordering. Hence, if we can find a model M
with a strong master condition p for (P, <g), by almost direct 6*-decidability
p forces sup(M N 6*) to be in C' whenever C' € M is a (P, <)-name for a
club in §*.

So the main obstacle is showing that (IP, <g) forces many instances of LIP. How-
ever, in general working with the direct extension ordering on a Magidor iteration
is complicated, so we work with the product of the termspace forcings instead,
which suffices by the projection. To show that this forces LIP, we need that our
cardinal k is indestructably supercompact. By work of Hamkins and Shelah (see
[HS98]), the indestructibility of a supercompact cardinal is destroyed by any non-
trivial small forcing. Because of this, we follow every A-iterand with the poset
making the next supercompact cardinal indestructible. The following lemma easily
follows from well-known work of Laver (see [Lav78|) together with our iteration
lemma for strong directed closure (see Lemma :

Lemma 6.1. Let u < k be cardinals such that u is reqular and k is supercompact.
There is a poset I(u, k) such that
(1) I(u, k) is strongly < p-directed closed.
(2) After forcing with I(u, k), & is supercompact and the supercompactness of
k is indestructible under strongly < k-directed closed forcing.

Let us now define the iteration. Let (kq)acon be an increasing sequence of
cardinals such that kg := Ry, K, is supercompact whenever « is a successor and
Ka = SUPg., g Whenever « is a limit. For any ordinal a, let £, be the smallest
regular cardinal above kq, i.e. K}, = K, Whenever « is a successor or « is a regular
cardinal such that k., = a and K}, = k! otherwise.

Now we can construct our iteration as follows:

Definition 6.2. Let P be the direct limit of the full-support Magidor iteration
((P5,§5,§570),(Qg,éﬂ,éﬁ,o)geom where for each S, Qg is a Pg-name for the
Magidor iteration (]I(RE, Fpr1), <, <) * (A(Rg, Fppn), <, <o)-

We will verify in a series of lemmas that P is as desired. Since P is not a set, but
a class, “forcing with P” is ill-defined — consider a forcing adding On-many Cohen
reals. However, in our case we will show the following:

(1) The iteration is well-behaved so that “forcing with P” actually leads to a
model of ZFC.

(2) After forcing with P, for any singular 6 < & of countable cofinality and
every regular p < §, there are stationarily many v € 6+ N cof(u) which are
not approachable.

Of particular importance is the behavior of the tail forcings. For o < f, let
(Po g, <o) <(a,p),0) be a P,-name for a poset such that (Pg, <g, <g,0) = (Pa, <a
,<a0) * (Pag, <o, <(a,),0). We have the following:

Lemma 6.3. For any a < f3, (Pa,ﬁ, éa,ﬁvé(a,ﬁ),o) 1s forced to be a Prikry-type
forcing such that (T’aﬂ, é(a,ﬁ),o) is strongly < ik}, -directed closed.

Proof. This is clear, as (Pa,g, éa’g, é(a,ﬁ),O) is forced to be a full-support Magidor
iteration of Prikry-type forcings starting with ]I(/?;;, Fot1) *A(RZ, Fa+1)- Therefore,
any iterand is forced to be strongly < &} -directed closed, so we can apply Lemma

B4 O
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In particular, for any o < 3, forcing with IP’S s (where G is P,-generic) does not
add any new bounded subsets of k, or k1. We may therefore construct a forcing
extension “by P” as follows: Let G C P be a filter which intersects every set-sized
dense subclass of P. For any « € On, G [ a := {p [ a | p € G} is a generic filter
over P,. Let H*(k,) be equal to H(k,) as computed in V[G,]. It follows that, for
any 8 > «, H*(kq) is equal to H(k,) as computed in V[Gg], since PS‘E does not
add any new elements of H(k,). Lastly, let

VGl = ] H"(ka).

a€On

It follows that V[G] is a model of ZFC, since any axiom can be verified locally. For
example, the powerset axiom holds in V[G] as follows: Any x € V[G] is in some
H*(kq). Thus, any subset of x is an element of H*(k,) as well. Therefore, the
powerset of z in V[G] is equal to the powerset of z in V|G | o] C V[G | a+ 1] and
thus a member of H*(kq+1) C V[G].

Moreover, for any a € On, H (k) as computed in V[G] is equal to H*(k,) and
thus equal to H(ks) as computed in V[G | «]. Therefore, any bounded assertion
can be verified by proving that it holds in V[G | ] for all sufficiently large 5.

For more information on class-sized forcing extensions, see e.g. the proof of
Easton’s Theorem in Jech’s textbook|Jec03, Page 235]. Class forcing can be avoided
at the cost of increasing the large cardinal assumptions by instead starting with a
sequence (Kq )a<s, Where § is inaccessible and then performing the set-sized iteration
up to &, whence the conclusion of the main theorem holds in V.

Additionally, we show that the direct extension ordering on the tail forcing can
decide “enough”:

Lemma 6.4. Let o <y be ordinals such that vy is a limit with countable cofinality.
Let G be Py-generic and Py :=PS . Then (Pay, <a.y> <(awy),0) has almost direct
w2 -decidability.

Proof. This is clear by Lemma For any 3 < 7, P, 3 forces that (Qg, <4,<5.0)
has size < &1 and thus the (A, #7)-covering property. By Lemmam (Pays <ay
, S(a,»y),o) has the direct (fq‘, ﬁt)-covering property as well. In particular, since /q‘
is regular, (Pa,y, <a,v> <(a,y),0) has almost direct ffj/‘—decidability. O

We now analyze the cardinal structure of the forcing extension by P.

Lemma 6.5. After forcing with P, the class of infinite cardinals is given by {Ng}U
{Ka, K% | o € On}.

Proof. First assume that a € On is a successor ordinal, & = 5+ 1. Then k, > kg
is supercompact. It follows that [Pg|< k. and so k, is supercompact after forcing
with Pg. After forcing with P, = Pg + [(i}, fig+1) * AR}, Ra), Ka is preserved
and every cardinal below rj and k, is collapsed by Lemma (1) and (4), so Kq
becomes (52)*. Lastly, for every v > a, I?’a,,y is forced to be a Prikry-type forcing

such that (Paﬂ, ﬁ(aﬂ)g) is strongly < K,-directed closed. In particular, ]I.”ow is
forced to preserve that &, is a cardinal.

If & € On is a limit, then &, is preserved since cofinally many v < k, (namely,
all kg, B < ) are preserved. As for k7 (in case « is singular or ko # a): Assume
first that P, collapses r}. Since k, is singular (if « is singular, then clearly r, is
singular, otherwise k. is singular because cf(kq) = @ < Kq), it follows that there
is v < kg such that cf(k}) = v after forcing with P,. There is § < « such that
kg > v and kg > cf(ka).
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Let G be Pg-generic. We want to show that cf(k}) = v in V[Gg], obtaining
a contradiction from the fact that |Pg|< xt. Let Pg, := Pg‘; By Lemma
Ps,o has almost direct < k}-decidability. It follows that every function from v to
x} added by Pg, is bounded pointwise by a function from v to k! in V[Gj] (as
in Lemma . In particular cf(k}) = v in V[Gg]. As mentioned before, this
presents a contradiction, as [Pg|< k7.

So we have shown that all k, and «}, remain cardinals. Clearly, whenever p
does not have this form, p is collapsed. So the above class contains precisely all
cardinals in the forcing extension. O

It follows that the singular cardinals of the forcing extension are precisely k,,
for a a limit and thus that in the extension the successors of singular cardinals of
countably cofinality are precisely kT where cf(kq) = w (this occurs if and only if
cf (o) = w since there is always an unbounded and increasing function from « into
Ka)-

We want to show that P gives us exactly the model we need. The proof idea is as
follows: The regular cardinals of the forcing extension are precisely the k, for a a
successor and &} for a a limit. For any such cardinal, assuming enough instances of
LIP, A(k%, Ka+t1) forces the existence of stationarily many non-approachable points
of cofinality 7, in any successor of a singular cardinal > k.41 of countable cofinality.
Then all that is left is to show that the tail of the iteration does not destroy
that stationarity (since it cannot make points of cofinality ¥ approachable due
to its closure). For this we use that we have used a guessing function and thus
added many partially generic filters to many strongly < x-directed closed forcings,
namely, those forcings which force enough instances of LIP. We now show that the
direct extension ordering on the tail of the iteration can be projected onto from one
of those suitable forcings.

Definition 6.6. Let o < 3 be ordinals. Let Goy1/2 = Ga*x H, be P, *]I(/%j;, Fat1)-

generic and work in V[G .1 /2] (replacing every (@AY for v > « by the corresponding

G
P, %"/?-name). Define

" Go Xen . .
PH‘a-l-l/2,,8 = T(‘%ou H(X-‘rl) X H T((]P)Oéﬁ+1/27 §a7ry+1/2)a (Q'yv SW,O))
v€E(e,B)

where T(k, Kq+1) is as in Definition Working in V[G,], let 'I.Fa+1/2)5 be an

(7}, Rat1)-name for Ty 11/ 3 and let

Ta,p = l(Kg, Kat1) * Ta+1/2,5-

We use this mixture of a product and an iteration because otherwise the re-
mainder of the termspace forcing would not be directed-closed in the model after
making the supercompactness of k441 indestructible under < K, 1-directed closed
forcings.

We now show that T, g is indeed one of those suitable forcings which were
incorporated into the definition to construct A(u, x):

Lemma 6.7. Let o < 8 be ordinals. Let G, be Py-generic and work in V[G,]
(replacing every Q for v > a by the corresponding ]P’g::{ -name).

(1) There is a projection from T, g onto (Pg‘b, é(cizﬂ),o).
(2) T, p is strongly < k-directed closed.
(3) For every v > a+1, Ty g preserves k- and forces LIP(k%, (k%)T, k).

[}
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Proof. For (1), by Lemmal5.6} in V[Ga], I(k},, Ka+1) forces that there is a projection
from Ty 41/2,3 onto

T(Iiz, f’ia+l H T a+1/27 ;ai;rl/z) (Q’y7 7,0 ))
vE(e,B)

By Lemma it is forced that this forcing projects onto A(%, Fat1) * Pat1 s-

This clearly implies the existence of a projection from Ty g = I(k},Kat1) *
Tor1/2, onto I(ky, kat1) * A(RL, Bat1) * Pat1,p = Pa,g.

(2) is also clear: For any v € [, ), (Pa,~, <a,y) forces that (Q,Y, <,,0) is strongly
< Kk} -directed closed. Thus, the termspace forcing has the same degree of closure
by Lemmam It follows that I(k¥, kat1) forces that Ta+1/2)5 is strongly < k}-
directed closed. Since I(k%,kqt1) is strongly < k%-directed closed, the iteration
(which is equal to Ty, g) is strongly < x}-directed closed.

We now prove (3). We will show that I(x%,xq+1) forces that ’]I‘a+1/275 forces
LIP(&%, (7)1, ky) for every v > « + 1, which clearly suffices. So let H, be
H(HQ,KQ+1) -generic over V[G,]. In V[G x H,], the supercompactness of kg1
is preserved by any strongly < kq41-directed closed forcing. In particular, it is

preserved by T := [ ¢ (o 5 T(PG5 1, £757), (@, £,0)). By Lemma 5.6[ (5),
T(kY, Ka+1) is a LIP-forcing, which is preserved by T. Ergo, T followed by T(k}, kKa+1)
forces LIP(k%, (k%)1, ky) for every v > o + 1, since it collapses Kq41 to become
(k%)T. The preservation of each . follows just as in Lemma ]

Now we can finally prove our main theorem:

Theorem 6.8. After forcing with P, GCH holds and whenever 6 is singular of
countable cofinality and p < 6§ is reqular uncountable, there are stationarily many
v < &% of cofinality u which are not approachable.

Proof. By Lemmal6.5] it suffices to show that whenever v is an ordinal with count-
able cofinality and a < «, then after forcing with PP there are stationarily many
B € /ﬂr of cofinality «? which are not approachable, since the class of regular car-
dinals consists precisely of the ). So fix, in the ground model, a normal coloring

d: [I{i—] — w. It suffices to consider only one specific coloring by Fact |1

Since for any v/ > 7, (P’m < +.4),0) is forced to be < H,t—closed (and to have
direct fij‘-decidability by Lemma (IPV gy < < ) is forced to preserve stationary
subsets of Rj (by the usual arguments). Therefore it suffices to show that the
statement holds after forcing with P.,. We write

P, 2 Py # 1(RY, Fas1) % A(RL, Rat1) * Pagi -

Let G be P, +1(77, /%QH)*A(R27 Fort1)-generic and work in V[G]. Assume that C
isalPay1,y = ]P’SH -name C for a club in /f* forced by some condition p € Po41 -
Without loss of generahty, assume p = 1]1»0 +1., (otherwise, work with Poy1, [ p
instead). Let 0:Tay1y — (Pat1,4> <(at+1,9),0) be the projection obtained from
Lemma (1).

By Theorem [5.3)and Lemmal6.7] (2) and (3), let M < HYIG(©) with [M|< fiei1
be such that M contains all relevant parameters, C' € M, sup(M N /{fyr ) is not d-
approachable and has cofinality x, and there is a condition p € Ty41, such that
whenever D € M is open dense in To41,, there is ¢ € DN M with p < q. We
claim that o(p) € Pa41,, forces (over the non-direct ordering (Po+1,~, <a+1,y)) that
sup(M N ,ﬂ‘ ) € C. Since clearly sup(M N /@T ) does not become d-approachable by
the distributivity of P41 ~, this suffices.
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Let 8 < sup(M NkY), ie. B < B for some §' € M N kY. Since C is forced to
be unbounded in nj, IF 3¢ e CAp < €). Since (Pat1,, <at1,v <(a+1,y),0) has
almost direct nfyr—decidability by Lemma the set D of all ¢ € P41, such that
for some ¢ € k3, gk 3¢ < (£ € CAB <€), is open dense in (Pat1,y, <(at1,4).0)-
Hence o~![D] is open dense in Ty41,4 and so there is r € o~ [D] N M with p <r,
which implies o(r) € DN M, 0(p) <(a+1,4),0 @(r). The corresponding ¢ is in M as
well by elementarity.

In summary, for every 8 < sup(MNx7) there is ¢ < sup(MNkT) with § < ¢ such
that o(p) I CN(B,¢) # 0. This clearly implies that o (p) forces that sup(Mfm,‘;)ﬂC'
is unbounded in sup(M N«7), which implies that o(p) forces sup(M Nx¥) € c. O
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