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ABSTRACT. We obtain a relatively simple criterion for when a forcing has the < é-
approximation property, generalizing a result of Unger. Afterwards we apply this
criterion to construct variants of Mitchell Forcing in order to answer questions posed
by Mohammadpour.

1. INTRODUCTION

In his PhD thesis, Christoph Weiss introduced a two-cardinal generalisation of a x-
tree called a (k, \)-list along with two “thinness“ properties, namely thin and slender. The
corresponding cardinal properties, stating that every “not too wide“ list has an ineffable
branch, behave very differently in practice. The ineffable tree property, denoted ITP, is
consistent with e.g. the approachability property and forced by many orders which were
originally conceived with the tree property in mind. On the other hand, the ineffable
slender tree property, denoted ISP, forces that AP fails and needs different preservation
theorems compared to the tree property.

The proof structures for consistency proofs involving ISP and ITP are the same: Given
a list in the extension V[G], lift some ground-model embedding V' — M to an embedding
V|G] — M[H] inside V[H], thus obtaining an ineffable branch in V[H] and “pull it back*
into V[G] using the thinness assumption and properties of the extension V[H] over V[G].
For thin lists, this is done using two branch lemmas stating that sufficiently closed forcings
and forcings whose squares have small antichains do not add cofinal branches to thin
lists. For d-slender lists however, we need that the pair (V[G], V[H]) has the so-called
< d-approximation property. In practice, this property is much harder to establish and
so many results which have been shown for TP and ITP have not yet been established
for ISP. E.g. it was shown by Cummings and Foreman in [3] that the tree property can
consistently hold at every N, 1o, which was improved by Fontanella in [4] to show that
ITP can consistently hold at every R, 2. On the other hand the only comparable result
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for ISP was obtained by Mohammadpour and Velickovic in [18] who showed using side
condition forcing that consistently ISP(w2) and ISP(w3) can hold simultaneously.

In this paper, we obtain two important tools to prove consistency results involving
ISP: We obtain a general criterion for when a forcing order preserves the statement
ISP and, more importantly, prove the following statement concerning the approximation

property, generalizing a result of Unger from [20]:

Theorem A. Let (P x Q, R) be an iteration-like partial order and § a cardinal. Assume
that the base ordering (P,b(R)) is square-0-cc. and the term ordering (P x Q,t(R)) is
strongly < d-distributive. Then (P x Q, R) has the < §-approximation property.

We then demonstrate the robustness of the framework by constructing several new
variants of Mitchell forcing in order to answer questions posed by Mohammadpour in
a recent survey (see [L7]). Recall that a cardinal x is A-ineffable if x is inaccessible and

ISP(x, \) holds.

Theorem B. Let 7 < p < k < X be reqular cardinals such that 7<" = 7 and & is

A-ineffable. There exist forcing extensions satisfying the following (with k = p*):

(1) 1SP(7+, K, \) holds, ISP(, K, \) fails and 27 is an arbitrarily large cardinal below
A
(2) ISP (k, k, A) holds, ISP(u, k, k) fails and 27 # 2+
If k is supercompact (i.e. A-ineffable for all X\ > k), there exists a forcing extension such

that:

(3) ISP(7+, K, > k) holds and is indestructible under < s-directed closed forcing.

The paper is organized as follows: After giving preliminaries and reviewing facts and
definitions from [[7], we prove Theorem A. Afterwards we give the criterion for when a
forcing order preserves ISP. In the last sections, we prove the consistency results men-

tioned above.
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2. PRELIMINARIES

We assume the reader is familiar with the basics of forcing. Good introductory mate-
rial can be found in the books by Jech (cf. [9]) and Kunen (cf. [12]). An introduction into

techniques regarding large cardinals can be found in the book by Kanamori (cf. [10]).
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Basic Forcing Facts.

Our notation is fairly standard. We follow the convention that filters are upward
closed, so that ¢ < p means that g forces at least as much as p. P [ p is defined as
{q € P | ¢ < p}. V[P] denotes an arbitrary extension by P, i.e. “V[P] has property P*
means that for every P-generic G, V[G] has property P. Lastly, for any forcing order P,
we let I'p (omitting P when it is clear which order we are talking about) be the canonical

P-name such that I'§ = G whenever G is a P-generic filter.

Definition 2.1. Let V' C W be models of set theory with the same ordinals and « a
regular cardinal in V. (V, W) has the < k-covering property if for any set x € W, x CV
of size <k in W there is y € V of size <k in V such that  C y. A forcing order P has
the k-covering property if 1p forces that (V, V[P]) has it.

If (V,W) has the < k-covering property, where x is a regular cardinal, x remains a
regular cardinal in W: Otherwise there exists a cofinal subset of x in W of size < k. This
set is covered by an element of V of size < k, contradicting the regularity of . If P is
k-cc. and f any P-name for a function from an ordinal into V, then there are fewer than

x possibilities for any value f (&), so we obtain:
Fact 2.2. If P has the k-cc., P has the k-covering property.

When arguing the preservation of properties which are downwards absolute, we will
frequently make use of projections, which are a way of showing that an extension by

some order Q is contained in an extension by another order P.

Definition 2.3. Let P and Q be forcing orders. A function 7: P — Q is a projection if
the following hold:

(1) 7'((1[[») = 1@.

(2) For all p < g, 7(p) < 7(q)

(3) For all p € P, if ¢ < w(p), there is some p’ < p such that 7(p') < gq.

If there exists a projection from P to Q, any extension by Q can be forcing extended

to an extension by P.

Definition 2.4. Let P and Q be forcing orders, 7: P — Q a projection. Let H be Q-
generic. In V[H], the forcing order P/H consists of all p € P such that 7(p) € H. We let
P/Q be a Q-name for IP’/H and call P/Q the quotient forcing of P and Q.

Fact 2.5. Let P and Q be forcing orders and w: P — Q a projection. If H is Q-generic
over V and G is P/H-generic over V[H], then G is P-generic over V and H C 7[G]. In
particular, V[H][G] = V[G].

The approximation property was used implicitly by Mitchell in his proof that the
tree property can consistently hold at successor cardinals. Later it was defined explicitly

by Hamkins in [p]:
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Definition 2.6. Let V' C W be models of set theory and ¢ a cardinal in V. (V, W) has
the < §-approximation property if x € V holds whenever x € W is such that x Nz € V
for every z € ([2]<?)V. A poset P has the < §-approximation property if (V, V[G]) has it
for every P-generic filter G.

In his paper introducing the approximation property, Hamkins also showed that
iterations P % Q where P is of size < ¢ and Q is < §-strategically closed have the < §-
approximation property. Over the years, this criterion has been improved step by step
(and criteria of a very different flavor such as strong properness have been introduced).
In this paper, we will obtain a further weakening of the necessary assumptions.

(1, A)-lists were introduced by Weiss in his PhD thesis. We introduce both notions of

“thinness“ for completeness although we will only work with slender lists.

Definition 2.7. Let x < X be regular cardinals.
(1) A (k,\)-listis a function f: [A\|<% — [A]<" such that f(a) C a for every a € [A\]<"
(2) A (k,A)-list f is thin if for every x € [A\]<",

{f)nelzCze N} <=

(3) For a cardinal ¢ < k, a (k, \)-list f is d-slender if for every sufficiently large ©
there exists a club C C [H(©)]<" such that for every M € C:

Vze NNM f(MNANNzeM
(4) If f is a (k, A)-list, b C X is an ineffable branch for f if the set
{ze ™ 2nb=f(2)}
is stationary in [A]<".
For § < k, the statement ISP(4, k, A) says that every d-slender (k, A)-list has an ineffable
branch.
3. STRONG DISTRIBUTIVITY AND ORDERS ON PRODUCTS

We expand the framework for working with arbitrary orders on products of sets by a
new property and prove a result on when a forcing has the < §-approximation property.

We first review definitions and results from [[f].
Strong Distributivity.

Definition 3.1. Let P be a poset and 0 a cardinal. P is strongly < §-distributive if for
every p € P and all sequences (D, )a<s of open dense subsets of PP | p there is a descending

sequence (pqa)a<s such that for every a < 0, py € D,

Strong distributivity can be seen as a kind of uniform distributivity. It is related to

the completeness game on a partial order which we will define now:
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Definition 3.2. Let P be a forcing order, 6 an ordinal. The completeness game G(PP, J)
on P with length 6 has players COM (complete) and INC (incomplete) playing elements
of P with COM playing at even ordinals (and limits) and INC playing at odd ordinals.
COM starts by playing 1p, afterwards p, has to be a lower bound of (pg)s<q. INC wins
if COM is unable to play at some point < §. Otherwise, COM wins.

A forcing order P is < k-distributive if and only if for all a < k, INC does not have
a winning strategy in G(P, o). The proof adapts to show the following:

Theorem 3.3 (Theorem 3.6 in [[7]). P is strongly < k-distributive if and only if INC

does not have a winning strategy in G(P, k).
An stronger property is x-strategic closure:

Definition 3.4. A poset P is k-strategically closed if COM has a winning strategy in
G(P, k). It is < k-strategically closed if for all & < k, COM has a winning strategy in
G(P,a).

It is clear that if P is k-strategically closed it is strongly < k-distributive. How-
ever, there is no provable connection between < k-strategic closure and strong < x-

distributivity (see Example 3.11 and Example 3.12 in [[]).

Orders on Products. As variants of Mitchell Forcing are neither exactly products
nor iterations, it is helpful to think of them as abstract orders on products of sets with
certain regularity properties. We note that we will not assume that our partial orders
are antisymmetric, i.e. for a partial order P there can be p,p’ € P such that p < p’' <p
but p # p’. This situation often occurs in iterated forcing, since, if 7 and 7’ are different

P-names but p Ik 7 =7/, we have (p,7) # (p,7’) but (p,7) < (p,7') < (p, 7).

Definition 3.5. Let P and Q be nonempty sets and R a partial order on P x Q. We

define the following related partial orders:

(1) The base ordering b(R) is an ordering on P given by p(b(R))p’ if there are qo,q1 €

Q such that (p,q0) R, ¢1)-
(2) The term ordering t(R) is an ordering on P x Q given by (p,q)(t(R))(p’,q') if

(P, 9)R(p',q') and p =p'.
(3) For p € P, the section ordering s(R,p) is an ordering on Q given by ¢q(s(R,p))q’
if (p, ¢) R(p, q')-
We also fix the following properties:
(i) (P x Q,R) is based if for all p,p/,

390, (P 00)R(P', 1) — Va((p, ) R(P', 0)))

(ii) (P x Q, R) has the projection property if whenever (p’, ¢')R(p, q), there is ¢ € Q
such that (p,¢”)R(p,q) and (p',¢")R(p’,¢")R(¥',q").
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(i) (P x Q, R) has the refinement property if p’(b(R))p implies that s(R,p’) refines
s(R,p), i.e. whenever (p, ¢ )R(p,q) and p'(b(R))p, also (p', ¢ )R(p’, q).

(iv) (P x Q, R) has the mizing property if whenever (p,qo), (p,q1)R(p, q), there are
po,p1 € P and ¢’ € Q with (p,q")R(p, ¢) such that (p;,¢")R(p, ¢;) for i = 0, 1.

We say that (P x Q, R) is iteration-like if (P x @, R) is based and has the projection
property, the refinement property and the mixing property.

The projection and refinement property hold in almost all cases, and always for
iterations and products. They are necessary for most of the relevant techniques. The
mixing property roughly states that we can mix elements of QQ modulo P and holds e.g.

in iterations IP % Q if P is atomless:

Ezample 3.6. Let (P, <p) be a partial order and let (Q, SQ) be a P-name for a partial
order. Let @ be the set consisting of all P-names for elements of Q (technically, @ is a
class but we can take a sufficiently large set Q such that every P-name for an element of
Q has an equivalent P-name in Q) Then the iteration P % Q is equivalent to an order R
on the product P x Q if we let (p/, ¢ )R(p,q) if and only if p’ <p p in P and p' I ¢ <g ¢-
Let us explicitely calculate the related partial orders and check if P x Q has the defined

properties:

(1) The base ordering is simply equivalent to (P, <p) since (p,qo)R(p’,¢1) implies
p <p p’ and whenever p <p p’, we can choose ¢g = ¢.

(2) The term ordering is equivalent to the usual notion of the term ordering on an
iteration as defined by Krueger (see the discussion before [[11, Proposition 2.1]).

(3) For p = 1p, the section ordering s(R,p) is equal to the termspace forcing as

defined by Laver (see e.g. [2, Chapter 22]).
Now let us verify that (P x Q, R) has the defined properties:

(i) (PxQ, R) is based, since (p, §o) R(p', ¢1) implies p <p p’ and thus that (p, §)R(p', §)
for any ¢ € Q.

(ii) (P x Q, R) has the projection property: Let (p’,¢')R(p, ). Using standard argu-
ments on names, let ¢’ be a P-name for an element of Q which is forced by p’
to be equal to ¢’ and by elements incompatible with p’ to be equal to ¢. Then
clearly (p,q")R(p,q) and (p,¢"”) and (p,¢’) are equivalent.

(iii) (P x Q, R) has the refinement property, since stronger conditions force more.

(iv) (PxQ, R) has the mixing property if P is atomless: Let (p, §o), (p, 41) R(p, ). Since
P is atomless, we can find pg,p; < p which are incompatible. Using standard
arguments on names, we can find ¢’ such that pg IF ¢ = go and p; I+ ¢ = ¢;.
Assume that conditions incompatible with both py and p; force ¢’ = ¢. Then

clearly ¢’ is as required.
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Let us note that the term ordering is the disjoint union of the section orderings, so if
the term ordering is < d-closed (strategically closed, strongly distributive etc.) for some

J, so are all the section orderings (and vice versa).

Lemma 3.7. If (P x Q, R) is based and has the projection and refinement property, the
identity is a projection from (P,b(R)) x (Q, s(R, 1p)) onto (P x Q, R).

Proof. Denote by R, the order on (P,b(R)) x (Q,s(R,1p)). If (o', ¢')R=(p,q), p'(b(R))p
and (1,¢")R(1, q). By the refinement property, (p, ¢')R(p, q). By basedness (p’,¢')R(p, ).
In summary,

(®'.d")R(p,d')R(p,q)
Assume (p’, ¢')R(p, q). This implies p'(b(R))p. Furthermore, by basedness (p, q)R(1p, q).
By the projection property there is ¢ such that (1p, ¢’ )R(1p, ¢) and (p’, ¢")R(p’,¢')R(Y', ¢").
So (¢',q")R=(p,q) and (p',¢")R(p',q'). O

If (P x Q, R) is an ordering on a product, forcing with P x Q can also be regarded as
first forcing with P and then with a special ordering on Q. However, this will not be of
use to us in this paper.

In [20], Unger showed that an iteration P % Q, where P is square-d-cc. and Q is
forced to be < d-closed, has the < d-approximation property. We will improve this result
in two ways: Firstly, we work with an arbitrary order on a product, allowing us to
apply the result more easily to variants of Mitchell Forcing and secondly, we only need
a “distributivity” assumption as opposed to one about closure. This is important, as,
unlike < d-closure, strong < §-distributivity is preserved by forcing with J-cc. forcings.
So in particular, if we have a forcing (P x Q, R) with its base ordering isomorphic to
Add(w, X) for some set X and a strongly < w;-distributive term ordering, it will satisfy
the conclusion of Lemma @ in any ccc. extension. This is a slight improvement of Lemma

5.4 in [22], where the square-ccc. is required instead.

Theorem 3.8. Let (PxQ, R) be an iteration-like partial order and 6 a cardinal. Assume
(P,b(R))? is 6-cc. and (P x Q,t(R)) is strongly < §-distributive. Then (P x Q, R) has the

< §-approximation property.
We begin with a helping lemma:

Lemma 3.9. Let (P x Q, R) be an iteration-like partial order. If (p,q) forces € V' but
for any y € V, (p,q) W © = g, there are ¢" € Q, po,p1b(R)p and yo # y1 such that
(pa q//)R(pa Q) and fO’I‘i S 27 (pi7q”> k&= gl

Proof. For better readability, we prove the result in a series of statements, showing where
we apply which property. We let PP stand for the projection property, RP for the refine-
ment property and MP for the mixing property. Let BS stand for basedness. We check

two cases:
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Assume there exist qg, yo such that (p, go)R(p, q) and (p,qo) IF & = go.

(1) 390, y0(((p, 20) R(p, ) A ((p, q0) IF & = o))
A, "),y # yo (', d")R(p, @) AP q") I i = 9n)
(PP) 3q1((p,q)R(p.q) A (P, 1) R(p',q")))
¥ q1) F& =3
P (b(R))p
(BS) ((¢',20)R(p,q0))
(¥’ 90) I- & = 5o
(RP) ((¢"sq0) R, a)) A (0, a1)R(P',0))
(MP) 3po,p1,d (¢, d)R(P',0)) A (o, )R(P', 0)) A ((p1,0 )R, 1))
po, p1(b(R))p’
(BS) (¢'.d")R(P',a)R(p,q)
(PP) 3¢"((p,a")R(p, ) A ((¢',d")R(',d")R(', "))
(RP) ((po,q")R(po, ¢ )R, q0)) A ((p1,d")R(p1, ¢ )R, 1))
((posq") IF @ = go) A ((p1,¢") IF & = 1)

Assume case (1) does not hold, i.e. for all go, yo with (p, go)R(p,q), (p,q0) IV & = Fo.

(2) Vq0,90(((p: 20)R(p,q)) — ((p,q0) I & = o))
3(po. 4'), yo((po, ¢ )R(p, ) A ((Po.4") IF & = §o))
(PP) 3¢"(((p,d")R(p.q)) A ((Po, ¢" ) R(po. ¢") R(po, ¢")))
((p.a") ¥ & = o)
Ap1,d"") 1 # yol((p1, 4" R(p,d")) A ((p1,4"") Ik & = 91))
(PP) 3q"((p,d")R(p,q"") A ((p1,4")R(p1,d"")R(p1,q")))
((p1,q") IF & = g1)
po, p1(b(R))p
(p.d")R(p,d")R(p, q)
(RP) (po,q")R(po,q"")R(po,q)
((po,q") IF & = go)

Now we can finish the proof of Theorem @

Proof of Theorem @ Let f be a (P x Q, R)-name for a function such that some (p, q)
forces f ¢ V and f | @ € V for every u € [V]<9 N'V. We will construct a winning
strategy for INC in the completeness game of length § played on (Q, s(R,p)) | ¢. In any

run (gy)~es of the game, we will construct (pg,p,ly, Y~y )ye0ddns Such that
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(1) y, € [V]<° NV and the sequence (y-)-coddns is C-increasing

(2) 5, PL0(R)p

(3) (19, 4y) and (pl,q,) decide f 1 9o equally for any odd a < v, but differently for

a =7

Assume the game has been played until some even ordinal v < §. Let yfy 11 = Uae 4n0dd Yas
which has size < d. f | ¢/ is forced to be in V', so we can find (p/, 1, ¢’ +1)R(p, ¢,) which
decides f | ¢/ . By the projection property, we can find ¢, ; such that (p, ¢/, ;) R(p, ¢y)
and (p, 11, ¢541) R, 41, @41), 50 (P41, ¢541) also decides f [ 7/ ;. Because f is forced
to be outside of V, there is 3 such that (p 4, ¢/, ;) does not decide f(53). Let y,41 :=
Y1 U{B}. Then (p’ 1 ,,4¢),) does not decide 1 Y41, so we find ¢/, ; and pgﬂ,p}yﬂ
such that (p;+1,q;”+1)R(p;+17q;’+1) and (p3+1,q;”+1) and (p#H,q;’SA) decide f [ Gy+1
differently. Lastly, use the projection property to obtain ¢, 41 such that (p, ¢,41)R(p, ¢4 1)
and (p 41, @y+1)R(P) 41,5 1) It follows that these objects are as required.

Lastly, assume this strategy does not win, i.e. there is a game of length ¢. In this
case, we claim that {(p9,p}) | v € Odd} is an antichain in (P,b(R))?, obtaining a
contradiction. Assume (p%, p')(b(R)*)(P3, p}), (P3,, p},) with v" < . Because p®(b(R))p)
and pl(b(R))pi, (°, qW)R(pg7 q,) and (p', qv)R(p#, ¢~) decide 1 7~ equally, but because
P’ (0(R))p, and p' (b(R))pL,, (0%, ¢y) R(PS:, ¢4 ) R(PY/, q) (using the refinement property)
and (p17q,Y)R(p}{/,q,y) R(p,ly,,qy) decide f [ J, differently, a contradiction. O

We obtain an interesting statement regarding strongly distributive forcings (which

contrasts the fact that consistently there can exist a < w;-distributive, ccc. poset).

Corollary 3.10. Let P be a nontrivial poset and § a cardinal. Then one of the following
holds:

(1) P is not d-cc.

(2) P is not strongly < §-distributive.

Proof. Assume to the contrary that none of the above holds. As P is nontrivial, it adds
some set z of ordinals. Because P is in particular < d-distributive, z Ny € V for every
y € [2]<°NV. Thus P does not have the < §-approximation property. On the other hand,
P preserves the d-cc. of itself by virtue of being strongly < d-distributive (by [[7], Lemma
3.7), so P x P has the §-cc. and P has the < -approximation property (by viewing P as

an order on the product P x {0}), a contradiction. O

4. INEFFABILITY WITNESSES

We will now relate the existence of ineffable branches for slender lists to the existence

of powerful elementary submodels of H(®), similarly to [g].

Theorem 4.1. Let k < A\ be cardinals. The following are equivalent:

(1) ISP(k, A) holds.
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(2) For all sufficiently large cardinals © and every (k, A)-list f, there is M < H(©)
of size <k with M Nk € Kk such that kK, \, f € M and for somebe M, bNM =
F(MNA).

Proof. Assume k is M-ineffable and f is a (k, \)-list. By A-ineffability there is b C A such
that the set

S:={xe[N<"| f(z)=bnaz}
is stationary in [A]<". Using standard techniques we find M < H(©) with x, A\, f,b € M
such that M Nk € k and M NA € S. Clearly bN M = f(M N A).

Assume the submodel property holds and let f be a (k, A)-list. Find M < H(©) of
size < K such that k, A, f € M and for some b € M, bN M = f(M N X). We will show
that b is an ineffable branch for f. If b is not an ineffable branch, by elementarity, there
is C € M club in [A]<* such that for every z € C, f(x) # 2 Nb. M contains a function
F such that every x € [A]<" closed under F is in C. Because ' € M < H(©), M N\ is
closed under F, so M N A € C but f(MNA) =MnNb, a contradiction. O

Note that the previous Theorem works “list-by-list”, i.e. for any (x,A)-list f, f has
an ineffable branch if and only if there is M < H(O) of size <k with M Nk € k such
that x, A, f € M and for some be M, bNM = f(M N A).

We fix a definition corresponding to the previous Lemma:

Definition 4.2. Let k < A be cardinals and f a (k, A)-list. Let © be large. M € [H(O)]<"
is a A-ineffability witness for k with respect to f it M < H(©), M Nk € k, {f,k,A\} C M,
and there is b € M such that bN M = f(M N A).

So in particular, we have shown that a (k,A)-list has an ineffable branch if and
only if there is a A-ineffability witness for x with respect to f. This enables us to show
ISP(4, k, A) in the following way: Given a name f for a é-slender (k, A)-list, we construct
(in the ground model) a related (x, A)-list e (using the slenderness of f) such that, given
a A-ineffability witness M for k with respect to e in the ground model, M[G] is a A-
ineffability witness for x with respect to fG.

Later, we will use witnesses with additional properties:

Lemma 4.3. Let k < A = A<" be cardinals and assume k is A-ineffable. For all suffi-
ciently large cardinals ©, every x € [H(©)]<* and every (k, \)-list f, there is M < H(O)
such that the following holds:

(1) M Nk € k is inaccessible and [M N N|<M™= C M

(2) t C M

(3) kK, A\, f €M and for somebe M, bNM = f(MNA).

Proof. Let F: A — [A]<" be a bijection. We modify f to obtain the following (r, A)-list
g:
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(1) g(a) ;=0 if a N« is not an ordinal.

(2) g(a) is a cofinal subset of a Nk of ordertype <aNk if a Nk is a singular ordinal.

(3) g(a) is an element of [a]<~*" \ Fl[a] if a Nk is a regular ordinal and such an
element exists.

(4) g(a) := f(a) otherwise.

Since k is A-ineffable, there is M < H(O) of size < k such that k, A\, f € M, M Nk € k
and for some b € M, M Nb = f(M NM). By the proof of Theorem @ we can assume
x C M and that M Nk is a strong limit. We will verify that only the last case can hold
for a := M N X (with the first case being excluded by assumption).

(2) Assume a Nk is singular. Let g € M be a function enumerating b (in ascending
order). Then, as cf(aNk) < aNk, glcf(anNk)] = f(MNA) € M, so M says that
k is singular, a contradiction.

(3) Assume [a]<*"" \ F[a] is nonempty. Then g(a) is a subset of M N\ of ordertype
< aN k. Proceed as before to show that g(a) € M, which implies g(a) € F[a] by
elementarity, a contradiction.

Thus, bN M = g(M N A) = f(M N A). By elementarity, M 2 Fla] = [a]<%"*, so we are
done. O

We also need two results about the interaction of A-ineffability witnesses and forcing:
Given any set M as well as any forcing order P and P-generic filter G, let M[G] consist
of o¢ for all ¢ € M that are P-names. Note that if P € M and M < H(©) for some large
enough ©, I'p € M and thus G =T§ € M[G].

The following is shown in [19], chapter III, theorem 2.11:

Lemma 4.4. I[f P € M < H(©) and G is P-generic, M[G] < H(©)VIC],
We also have two additional Lemmas similar to properness.

Lemma 4.5. Let M < H(©) with Mostowski-Collapse m: M — N. Let P € M be a
forcing order and G a P-generic filter over V.. The following are equivalent:

(1) MIGINV =M

(2) Whenever D € M is open dense in P, DN M NG # 0.

(8) Whenever D € N is open dense in w(P), /M NG N D # 0.

Proof. Let us sketch a proof.

Assume (1) holds. If D € M is open dense in P, let A C D, A € M, be a maximal
antichain. Then M contains the name 7 := {(p,p) | p € A}. It follows that p := 7¢ €
M[G] NV = M, which implies that p€c ANMNGCDNMNG.

Assume (2) holds. Whenever D € N is open dense in n(P), D = =n(E) for some
E € M which, by elementarity, is open dense in P. Ergo D N M N G contains some p.
Then 7(p) € r[M NG| Nw(E) =x[MNG]ND.
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Assume (3) holds. Let 7 be a P-name for an element of V' lying in M. Then M
contains the open dense set D of conditions p forcing 7 = &, for some z,. So 7(D) € N
is open dense in 7 (P), which implies 7[M N G] N 7(D) # § and thus that DN M NG
contains some p. The corresponding z), is in M as well by elementarity, so x, = eM

(since p € G). O

Lemma 4.6. Let M < H(©) of size < k with Mostowski-Collapse w: M — N. Assume
vi=|M|=MnNk€rand [ MNAN<Y C M. Let P € M be a poset of size \ with the r-cc
and let G be P-generic over V. Then the following holds:

(1) M[GINV =M,

(2) [7(N)]<* N V[x|G N M]] C N[x[Gn M]).

Proof. We will assume that P is a poset on A.

Let 0 € M be such that o € V. By the forcing theorem and elementarity, there is
p € G N M which forces o € V. Hence, again by elementarity, there exists A € M which
is a maximal antichain in P such that for any ¢ € A there is y, such that ¢ IF o = g,.
Because M Nk € k and |A| < k by the k-cc. of P, A C M and thus y, € M for every
q € A. Since o¢ is one of the y,, the statement follows.

Now assume z € [1(A)]* N V[r[G N M]] for some p < M N k. Let & be a w(P)-name
for x and for a € pu, let A, be a maximal antichain deciding the ath value of . Then
|Aa| < M Nk by the M Nk-cc. of w(P). Let f: U, {a}xAa — V be such that f(a, q)
is the value g decides for the ath element of &-. Then (after some coding) f € [r(\)]<M™*,
so m Yf] € M and f = n(n~1[f]) € N. From f and 7[G' N M], we can recover 7 ¢"M]

so #7[GOM] ¢ N[x[G n M]). O

The last result we need can be seen as dual to the lifting of elementary embeddings.

This is folklore, for a proof, see [§, Lemma 5.3.6].

Lemma 4.7. Let M < H(©) with Mostowski-Collapse (N, ). Assume P € M is a poset,
G aP-generic filter and M[G]NV = M. Then the Mostowski-Collapse of M[G] is given by

(N[r[G N M]], mar(q)), where Tarc)(0€) = (w(0))™C M. Furthermore, masq) | M = .

We now give a criterion for when a forcing order forces ISP, generalizing the result

and adapting the proof from [§, Theorem 7.2]:

Theorem 4.8. Let 6 < k < X\ = A\<® be reqular cardinals and P a poset. Assume the
following:
(1) k is A-ineffable,
(2) P is of size < X and k-cc.,
(3) For every (k,\)-list e, every sufficiently large © and every x € [H(O)]<", there
is a A-ineffability witness M for k with respect to e such that P € M and the
following holds:
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(a) cC M
(b) [M N <M= C M.
(¢) Whenever G is P-generic over V., 1[G N M] is w(IP)-generic over V and the
pair (V[r[G N M]],V[G]) has the < m(d)-approzimation property.
Then P forces ISP (0, &, \).

Proof. Without loss of generality, consider P to be a partial order on A. Denote by (-, )
the Godel pairing function.

Let f be a P-name for a d-slender (k, A)-list, forced by some p. Let F be the function
corresponding to the club (in some [H(©’)]<") witnessing the d-slenderness of f. Let ©
be large so that H(©) contains all relevant objects.

We will transform f into a ground-model (, A)-list. To this end, let a € [\]<". We

consider two cases:

(1) If there exists M < H(O) (with Mostowski-Collapse 7) such that M N« € x,
MNX=a, [ MOX<MO® C M, kA, f,F € M and for some 7 (P)-name %, for a
subset of 7[M N A] and a condition p, < p, pa IF fF(M N X) = w‘l[ig[FmM]], let

g9(a) == {{a. f) |a, B e mla] Aalk B € 3}

which is a subset of 7[a] and

e(a) = 7""[g(a)]

(2) Otherwise, let e(a) := 0.
Let M € [H(©)]<" be a A-ineffability witness for x with respect to e as in the require-
ments. Let m: M — N be the Mostowski-Collapse and a := M N\ as well as § := 7[a]. We
will show that case (1) holds. Let Gy be P-generic containing p and Gj := w[Go N M]. By
Lemma @, 7 extends to w: M[Go] — N[G{] and [0]<¥ N V[G{] C N|[G}]. Furthermore,
M[Go] < H(©)VGl so M[Go] N H(O') is closed under F&° and therefore witnesses the
slenderness of fC.

Assume 7[5 (a)] ¢ V[G}]. By the < m(8)-approximation property there is z € V[Gj]
with ordertype <7 () such that 7[f%°(a)] Nz ¢ V[G}]. We can assume z C 7a], so we
have z € N[G}] and 7= 1(2) = m71[2] € M[Gy]. We have

n[f @) Nz =alf @] nalr =] = a[f9(a) N~ 2]
and, since M[Go] N H(©') witnesses the slenderness of f&°, we have % (a) N7~ 1[z] €
M([G], which implies that fG°(a) N7 '[z] € M[Go] and thus that
[f9(a) N =] = m(f9 (a) N7 [2]) € NGy

which presents a contradiction. So w[f¢°(a)] € V[G})]. Ergo there is p, < p as well as

: [CAM]

a m(P)-name &, for a subset of 6 such that p, I+ 7[f(a)] = iq which is what we

wanted to show.
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Now our aim is to show that p, forces M[I'| to be a A-ineffability witness for x with
respect to f. So let G be a P-generic filter containing p,. It is clear that s, \, f€!
M|[G4]. By assumption there is b, € M such that b " M = e(M N A). Define

bf = {5 | da € Gy <Oé,ﬁ> S be} S M[Gl]

all that is left is to show by MM = fE1(MNX) = fE(M[G1]NA) (where the last equality
holds by Lemma @)

Let 5 € by N M. By elementarity there is @« € G1 N M such that (o, 8) € b. and we
have (o, B) € b " M = e(a) = 7 g(a)]. So 7({, B)) = (m(a),m(B)) € g(a). By the
definition, 7() IF w(B) € 4. Hence 7(B) € grGM) and B e £ (a).

Let B € fG1(MNA), son(f) € a7l 9" M] Thus there exists o’ € m[G1 N M] such that
o IF7(B) € 4. Let & = 7w(a), « € Gy N M. Hence 7({c, 5)) € g(a) and («, 8) € e(a) =
be N M. Ergo B € by N M. O

We directly obtain an answer to problem 4.33 given by Mohammadpour in [17],

namely that ISP can hold at weakly, but not strongly, inaccessible cardinals:

Corollary 4.9. Let 7 < k < X be cardinals such that k is A-ineffable. There exists a

generic extension in which x is weakly inaccessible, 27 = k and ISP(7", K, \) holds.

Proof. Let P := Add(7, k). Let e be any (x,\)-list, © large and x € [H(©)]<". Find
a A-ineffability witness M for x as in Lemma @ with 7+ + 1 C M. It follows that
m(P) = Add(r, MNk). If G is P-generic, 7[GNM] is 7(P)-generic and V[G] is an extension
of V[r[GN M]] by Add(7,x ~ (M Nk)). In V[r[G N M]], this forcing is 77-Knaster and
thus has the <77 = 7(77)-approximation property (viewing it as an ordering on the

product P x {0} which is clearly iteration-like). O

The same works for any desired value of 27 (subject to the usual constraints), as long

as k is ineffable enough.

5. CONTROLLING THE SLENDERNESS AT K

We will start with the easiest construction regarding ISP: In this section we will
define a forcing My(7, p, k) which forces 27 = pt = k and ISP(77,k,\) (if £ is A\
ineffable), answering Problem 4.31 given by Mohammadpour in [17]. Additionally, it will
force ~ISP(7, k, k). Thus we are able to control exactly how slender lists must be to have
guaranteed ineffable branches.

For this section, fix regular cardinals 7 < p < & such that 7<7 = 7 and & is inacces-
sible.

For technical reasons, for any ordinal -y, we let Add(r, ) be the < 7-supported product
of Add(r) of length ~, i.e. conditions are partial functions p on v of size <7 such that

for all & € dom(p), p(«) € Add(r), ordered in the usual way.
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Definition 5.1. Let v € (u, x| be inaccessible. Mg(7, i, v) consists of pairs (p, q) such
that
(1) p € Add(r,v)
(2) q is a < p-sized partial function on v such that whenever v € dom(q), y =9 + 1
for an inaccessible cardinal § and ¢() is an Add(7,~)-name for a condition in
Coll(fz, ).
We define (p',¢") < (p,q) if
(1) p'<p
(2) dom(q’) 2 dom(q) and for all v € dom(q),

P IyIFd () <q(v)

The forcing My was used by Levine in [[16] to give an easier construction of a model
with a disjoint stationary sequence on an arbitrary double successor cardinal and disjoint
stationary sequences on two successive cardinals.

We can obviously view Mg(7, i, v) as an ordering on some product Add(r,v) x

T(7, u, ), which is based.

Lemma 5.2. Let v € (u, k] be inaccessible.

(1) Mo(7, u,v) is <7-directed closed.

(2) My(r, u,v) is v-Knaster,

(3) The base ordering on My(T, u,v) is 7+ -Knaster,
(4) The term ordering on My(T, u, v) is < p-closed,
(5) The ordering is iteration-like.

Proof. The statements (1) and (2) are standard.

We give the proofs for (3) and (4) in order to familiarize ourselves with the definitions.

Regarding the base ordering, we observe that (p, ¢) < (p/, ¢) if and only if p < p’ in the
ordering on Add(r, 7). So the base ordering is equal to Add(7,~) which is (2<7)" =77
Knaster.

To show (4), let (p, ga)a<s (for § < p) be a descending sequence. Let z := |, 5 dom(qq).
|z| < p. On z, define a function q as follows: Given y € x, let ag be such that v € dom(ga, )
(so v € dom(ga) for all & > ag). Then (ga(7))ay<a<s is forced by p to be a descending
sequence in Cbll(ﬂ, 5), so by the maximal principle we can fix ¢(v) which is forced to be
a lower bound. It follows that (p, q) is a lower bound of (p, ¢a)a<s-

Regarding the projection property, given (p’,¢") < (p,q), let ¢’ be a function with
domain dom(q’) such that for all & € dom(q’), ¢"(«) is forced by p’ to be equal to ¢'(«)
and by conditions incompatible to p’ to be equal to g(«) (or @, if g() is not defined).
Clearly, q” is as required.

My has the refinement property since stronger conditions force more.
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For the mixing property, let (p,qo), (p,q1) < (p,q). Let po,p1 be extensions of p
such that po(0) and pg(1) are incompatible. Construct a function ¢’ with domain z :=
dom(gg) U dom(qy) as follows: Let o € x. Then py | o and py | « are incompatible since
« is the successor of a cardinal. So we can let ¢’(«) be such that it is forced by py | «
to be equal to go(a) (or @, if go(a) is not defined) and by conditions incompatible with
po | « (in particular, p; | @) to be equal to g1 (a) (or (), if ¢1 () is not defined). It follows

that (p,q’) < (p,q) and for i = 0,1, (pi,q¢") < (p, @i)- O

As is common when working with variants of Mitchell Forcing, we will explicitly

compute a version of the quotient order:

Definition 5.3. Let v € (u, ) be inaccessible. Let G be My(7, i, v)-generic. In V]G],
let My (G, 7, i, k \ V) cousist of pairs (p, ¢) such that

(1) p e Add(r,k \ V)

(2) qis a < p-sized partial function on x \ v such that for all v € dom(q), vy =0+1
for an inaccessible cardinal v and ¢(v) is an Add(r,y \ v)-name for a condition
in Coll(, ).

We let (p,q") < (p,q) if
(1) p'<p
(2) dom(q’) 2 dom(g) and for all v € dom(q)
P~y iEd () <a(y)

Again, My(G, T, 1,k \ v) has very similar properties to My(7, u, k). In particular,
because we are not immediately collapsing v but adding a subset of 7 first, we obtain

that the order also has the mixing property.

Lemma 5.4. Let v € (u, k) be inaccessible and let G be My(T, u, v)-generic. In V]G],
the following holds:

(1) Mo(G, T, i, & \ V) is < T-directed closed.

(2) My(G, T, u, k \ V) is k-Knaster,

(8) The base ordering on My(G, T, u, k \ v) is 7+ -Knaster,

(4) The term ordering on Mo(G, T, u, k \ v) is < pi-closed,

(5) The ordering is iteration-like.

Proof. This is entirely similar to Lemma @ To show the mixing property, choose pg
and p; such that po(v) and p;(v) are incompatible (using that any ¢ is only defined on
a subset of (v, k)) O

Applying Theorem @, we obtain:

Corollary 5.5. Let v € (u, k) be inaccessible and let G be My(7, p, v)-generic. In V|G,
the forcing Mo (G, T, u, & ~ v) has the < 1T -approzimation property.
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Mo (G, T, 1, & \ v) actually brings us from V[G] to an extension by Mo(7, u, k):

Lemma 5.6. Let v € (u, k] be inaccessible. There is a dense embedding from My(7, 1, &)

into Mo(7, p, v) * Mo(T', 7, p, & \ V).

Proof. As is common, we define ¢((p,q)) :== ((p | v,q | v),(® | [v,kK),q)), where 7 is
M (7, i, ¥)-name for a function on « \ v given by recomputing q [ [v, k).

Tt is clear that ¢ preserves <. Let ((po, qo), o) be a condition in My (7, p, v)«Mo (T, 7, g, K
v). By strengthening (pg, qo) if necessary, we can assume that it forces o = (py,0’) for
some p; € Add(T, kN v) (because My(7, i, v) is < 7-directed closed). ¢’ is forced to be a
< p-sized sequence of < p-sized subsets of V| so we can (again, strengthening (pg, o) if
necessary) assume that ¢’ is an Add(7, v)-name. Lastly, by the p-cc. of Add(r,v), there
is a set x € V such that (pg,qo) IF dom(c¢’) C &. Now we can define a function ¢; on
x such that for v € z, ¢1(7) is the Add(7,~y)-name corresponding to ¢'(¥), which is an
Add(r, v)-name for an Add(r,~v \ v)-name.

It follows that (po Up1, goU¢q1) has the property that ¢(poUp1,q0Uq1) < ((po, ), 0)-

U

We analyze the cardinals in the extension by My (7, i, )

Lemma 5.7. My(7, u, k) preserves cardinals below and including p, above and including

k and forces 2T = k = uT

Proof. By a nice name argument, My(7, i, k) forces 27 = x: Any My(7, , k)-name for
a subset of 7 be can viewed as function from 7 into the set of maximal antichains in
My (7, u, k). Since My(7, i, &) is k-cc and has size &, that set has size k<" = k by the
inaccessibility of . By the same argument, there are at most x functions from 7 into
the set of maximal antichains in Mg (7, i, k) and so there are (up to equivalence) at most
k many My(7, 4, k)-names for subsets of 7. However, My(7, i, k) clearly projects onto
Add(r, k) and therefore forces 27 > k.

Because My (7, i, k) is < 7-directed closed, it preserves cardinals below and including
7. Because we can project onto it from the product of a 7F-cc. and a < u-closed poset,
it preserves cardinals in the interval [7, u]. Lastly, every cardinal in (u, %) is collapsed

to p and cardinals above and including x are preserved by the k-cc. U

The last thing left to show is

Theorem 5.8. Let A > k be a cardinal such that \<" = X\ and & is A-ineffable. Mo (T, p1, k)
forces ISP(77F, K, A).

Proof. Clearly M(7, i, k) is of size k and k-cc. Let e be a (k, A)-list. Let © be large.
Choose any A-ineffability witness M for x with respect to e as in Lemma @ If G is
My (7, p, k)-generic over V., w[G N M] is 7(Mo(7, i, k) = Mo (7, 1, M N k)-generic over V.
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By Lemma @, V[G] is an extension of V[n[G N M]] by forcing with Mo (G, 7, u, &~ (M N
k)), which has the < 7t-approximation property by Corollary @ So by Theorem @,
Mo (T, i, k) forces ISP(771, K, A). O

We can show that we have exactly ISP(7", k, \) (regarding the slenderness of lists):
Lemma 5.9. M(7, u, k) forces that ISP(7, k, k) fails.
We prove a more general statement:

Lemma 5.10. Assume 0 < 6 are reqular cardinals such that 2<° < @ and 2° > 6. Then
ISP(6,0,0) fails.

Proof. Let (Z4)a<o enumerate different subsets of §. Let e be the following (6, 6)-list:
e(a) = x4 if @ > ¢ is an ordinal and () otherwise.

Claim. e is d-slender.

Proof. Let © be large and C be the club of all M € [H(0)]<? such that [§]<° C M (here
we use 2<% < ). If M € C and z € [0]<°, e(M NO) N € [§]<? (since e(M N ) is either
a subset of § or empty) and thus in M. O

Claim. e does not have an ineffable branch.

Proof. Otherwise there is b such that S := {a € [0]<Y | e(a) = bN a} is stationary in
[0]<%. In particular S N6 is stationary in 0. However, since e(a) is a subset of § for every

a, e is constant on (S N @)\ § which is an obvious contradiction. O
Thus we have produced a d-slender (6, #)-list without an ineffable branch. (]

Lemma @ follows because 7<7 = 7 < k in V, which is preserved into V|[G] by the
< 7-directed closure of My(7, 1, k). We obtain another Corollary:

Corollary 5.11. Assume k is not a strong limit and ISP(8, k, k) holds. Then 2<% > k.

Proof. Let 1 < k be minimal such that 2* > k. If 4 < § we are done so assume p > 4.
Then 2<# < k and 2" > k, hence ISP(u, k, k) fails. But u > 6, so ISP(4, k, x) fails as well

since every p-slender list is also d-slender. (]

The previous Corollary means that we must always pay a certain price to obtain

strong versions of ISP (namely, blowing up 2<?).

6. ISP AND CARDINAL ARITHMETIC

We give easier constructions of two results which were known at ws: We show that
it is consistent that ISP(7+F, 77, A) holds and 27 # 27" and that ISP(7F, 7%, \) is
consistent together with an arbitrarily high value of 27 (this was previously shown for
7 =w in [1]). In the model for the first statement, we also have that ISP(r+, 7+ 71)

fails, answering a question of Weiss (which was previously answered in [14] for 7 = w).
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Definition 6.1. Let 7 < 1 < v be regular cardinals such that 7<7 = 7, p<# =y and v

is inaccessible. For any ordinal v, define M (7, 1, v, 7y) := Mo(7, p, v) x Add(, 7).

For the rest of this section, fix regular cardinals 7 < p < k < A such that 7<7 = 1,
p<* = p and k is inaccessible. Also use the same definition for Add(r,v) as in the
previous section.

For M, we can show directly that the “quotient ordering* has the correct approxi-

mation property (of course building on the results for Mp).

Lemma 6.2. Let v € (u, k] be an inaccessible cardinal and v an ordinal. Let G' x H'
be M (7, u,v,7v)-generic. In V[G' x H'], Mo(G', 1, u,k ~ v) x Add(u, A \ ) has the

< v-approzrimation property.

Proof. Add(u, A \ ) is v-Knaster in V|G’ x H'] and thus has the < v-approximation
property. Let H” be Add(u, A \ 7y)-generic over V|G’ x H']. Then V|G’ x H'|[H"] is
equal to V[G'][H], where H is Add(u, \)V-generic over V[G’]. We note that Add(u, \)V
is < p-distributive in V[G’]: By Lemma @ and Lemma @ VI[G'] is contained in an
extension by the product of a < p-closed and a 7F-Knaster forcing. In that extension,
Add(u, \)V is clearly < p-distributive by Easton’s Lemma and thus the same statement
holds in the smaller model V[G'].

In V[G'], Mo(G', 7, i, K\ ) is iteration-like and has Add(7, kK \v) as its base ordering
as well as a < p-closed term ordering (by Lemma @ and its proof). Thus, in V[G'][H],
the ordering is still iteration-like (as this property is absolute), the base ordering is still
7F-Knaster and the term ordering is still < p-closed. Hence My (G’, 7, u, & \ v) has the
< 7t -approximation property in V[G'|[H] = V|G’ x H'|[H"].

Now assume there is f € V[G x H] such that f Nz € V|G’ x H'] for every z €
[VIG' x H'|<* N V|G x H']. Let z € V|G’ x H] have size <v. Because Add(u, ) is
v-Knaster there is y € V|G x H'] with 2 C y and |y| < v. Hence f Ny € V|G’ x H']
and fNz=(fNy)Nze V|G x H|. As z was arbitrary and My(G’, 7, u, k \ v) has the
< 7T -approximation property in V|G’ x H'], f € V|G’ x H]. Now since Add(u, A \ 7)
has the <w-approximation property in V|G’ x H'], f € V|G’ x H']. O

A straightforward application of Theorem @ shows:

Theorem 6.3. Assume A\g > A is a regular cardinal with )\0<"‘ = Ao such that k is

Ao-ineffable. After forcing with My (7, u, k, A), 27 = k, 2 = X and ISP(k, k, \g) hold.

Proof. Again, My (7, u, k, A) has size < A\g and is k-cc since it is the product of two k-
Knaster posets (this is clear for Add(u, A) and was shown in Lemma @ for My (7, u, K)).-
Let e be any (x,\)-list, © large and z € [H(©)]<*. Choose any A-ineffability witness
M for k with respect to e as in Lemma @ with 77 € M. We have m(My (7, p, K, \)) =
Mo (7, p, MNK)x Add(p, 7(X)). If G is My (7, p, k, A)-generic, then 7[GNM] is M (7, p, MN
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k) x Add(p, m(X))-generic over V' by its M N k-cc (again, it is the product of two M N k-
Knaster posets). V]G] is an extension of V[r[G N M]] by My(G', 7, u, & ~ (M N K)) x
Add(p, A ~ w(A)) which has the <M N k-approximation property in V{r[G N M]| by
Lemma @ So we can once again apply Theorem @ O

We also obtain an answer to another question of Mohammadpour which was pre-
viously answered in [14] in the case w: It is consistent that ISP(k, s, Ag) holds (with

k = pt) but ISP(u, &, k) fails:
Lemma 6.4. After forcing with My (1, p, k&, \), ISP(u, k, k) fails.

Proof. As before, let f(a) be the ath Cohen subset of p added by M (7, p, 5, A) if a >
is an ordinal and () otherwise. Because every < p-sized segment of f(a) is in ([u]<#)V
which has size u < k, we see that f is p-slender. However, by previous arguments f

cannot have an ineffable branch. O
Now we show that ISP(77, x, \) is consistent with an arbitrarily large continuum.

Definition 6.5. Let 7 < u < v be regular cardinals such that 7<" = 7 and v is

inaccessible. For any ordinal ~, define My (7, i, v,v) := My(7, u, ) x Add(T, 7).

For the rest of this section, we drop the assumption that p<# =
We have a very similar Lemma to before (albeit with a stronger approximation prop-

erty):

Lemma 6.6. Let v € (1, k) be inaccessible and let G' x H' be My (T, 1, v,7y)-generic. In
V[G" x H'], Mo(G’, 7, pu, 6\ v) x Add(7, A \ ) has the < 7T -approzimation property.

Proof. In V[G' x H'], Add(7, A~ ~) is still (2<7)VIE'*XH] = (z1)VIG'XH'T — (7+)V_cc., s0
Add(r, A7) has the < 7T-approximation property in V|G’ x H']. Let H"” be Add (7, A\7)
be Add(7, A \ 7)-generic and H the Add(r, A)-generic filter induced by H' and H”. In
VI[G'], Mo(G',7,7",k \ v) has a <71-Knaster base ordering and a <7"-closed term
ordering. In V[G’ x H], the base ordering is still < 71-Knaster and the term ordering
is at least < 7"-strongly distributive, because V|G’ x H] is an extension of V[G’] by a
7T-Knaster forcing. Being iteration-like is absolute and thus My(G’, 7,7+, k \ ) has the

< rT-approximation property in V|G’ x H|. Now proceed as in Lemma @ O
And we can prove:

Theorem 6.7. Let 7 < kK < A = A<F < )\ be cardinals such that 7<7 = 7 and k is

Xo-ineffable. After forcing with Ma(T, K, ), 27 = X and ISP(77, K, \o) hold.
Proof. This follows just as for M. O

Interestingly, we needed a certain degree of ineffability to obtain a large powerset of

u (or 7 respectively). This begs the following question:
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Question 6.8. Assume ISP(J, s, x) holds and k<° = X. Does this imply ISP(d, s, \)?
More generally, does ISP(d, k, \) imply ISP (4, , A<?)?

7. INDESTRUCTIBILITY OF ISP

It is a well-known result by Laver that if x is a supercompact cardinal, there is a
forcing which leaves k supercompact and moreover makes the supercompactness of
indestructible under < k-directed closed forcing (see [[15]). It is also known that if the
proper forcing aziom PFA holds, the tree property at N, is indestructible by < No-closed
forcing (see [13]). In [21], Unger devised a guessing variant of Mitchell forcing to present
a more adaptable method for obtaining the indestructibility of the tree property under
directed-closed forcings (in particular, this method can be carried out at cardinals above
N3). We will adapt his arguments to show that it is consistent that ISP(7, x, > &) holds
(for k a successor of a regular cardinal), where ISP(771, k, > ) means that ISP(71, x, \)
holds for every A > k, and is indestructible under < k-directed closed forcing.

Our forcing will be a guessing variant of Mitchell forcing, modified to collapse cardi-
nals in a “non-fresh® way to ensure the approximation property.

We will need the concept of a Laver function:

Definition 7.1. Let k be a cardinal and [: kK — V.. [ is a Laver function if for any A
and any A > |tcl(A)| there is an embedding j: V' — M with critical point x such that
J(k) >N, 5(f)(k) = Aand M* C M.

Similar functions can be defined for many large cardinal notions witnessed by em-
beddings. In the author’s PhD thesis, such functions are defined and constructed (by
forcing) for A-ineffable cardinals. However, in the case of supercompactness, a Laver

function always exists:

Theorem 7.2 ([15]). Let k be a supercompact cardinal. Then there exists a Laver function

l: k— V..

Such a function also has interesting properties regarding the embeddings witnessing

A-ineffability.

Lemma 7.3. Let k be a supercompact cardinal and let I: k — Vi, be a Laver function.
Then the following holds: For any X\ > &, any (k, \)-list f, any A € H(AT) and any large
enough © there exists a A-ineffability witness N < H(©) for k with respect to f such
that, letting ™ be the Mostowski-Collapse of N, I(w(k)) = w(A).

Proof. Let f be a (k,\)-list. Let A € H(AT), © be large and = € [H(O)]<". Let ¢ :=
|H(©)| and j: V — M an elementary embedding such that j(x) > d, °M C M and
j()(k) = A. By the closure properties j[A] € M, so b:= j~ [j(f)(j[\])] is defined. The
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set C of all N < H(O) of size < k containing b, f, x, A\, A is a club. Hence N := j[H(O)]
is in j(C). We have
J) N (NN GA) =3(b) Ni[Al =5

and N is a j(A)-ineffability witness for j(x) with respect to j(f).
Claim. Ifx € H(O), n(j(z)) = «.

Proof. Note first that the statement makes sense because if x € H(©), j(z) € N.
We prove it by €-induction. Assume y € H(©) and 7 (j(z)) = z for every z € y. By
the definition

m(j(y)) = {m(a) [a € j(y) N N}
Assume a € j(y) N N. Because j(y) € j(H(O)), a € NNj(H(©)) = j[H(O)], so there is
x € H(O) with j(z) = a. By assumption z € y so 7(j(z)) = z € 7(j(v)).
Assume x € y. Then j(z) € j(y) and j(z) € N. Thus 7(j(z)) =z € 7(j(y))- O

Thus j(I)(7(j(k))) = j(1)(x) = A = 7w(j(A)). In summary, in M, there exists a j(A)-
ineffability witness (namely N) for j(x) with respect to j(f) such that j(1)(7(j(x))) =

m(j(A)).
By elementarity there is in V' a A-ineffability witness for x with respect to f such
that {(w(k)) = 7(A). O

The previous lemma allows us to use small embeddings to prove our last result.
For technical reasons, let Add(r, §) consist of functions f on f§ of size <7 such that

for all v € dom(f), v is a successor ordinal and f(y) € Add(7).

Definition 7.4. Let 7 < p < &k be regular cardinals such that 7<7 = 7 and « is
inaccessible. Let I: k — V,, be any function. We define M,(7, i1, 3) by induction on
B, letting M4 (7, 11,0) := {0}. Assume M}(7,u,y) has been defined for all v < 3. Let
M (7, 1, B) consist of triples (p,q,r) such that

(1) p € Add(r, §)

(2) ¢ is a partial function on g of size < u such that if v € dom(q), v = § + 2 for an
inaccessible cardinal § and ¢(v) is an Add(7, v)-name for a condition in Coll(j, 8)

(3) ris a partial function on 8 of size <y such that if v € dom(r), v is inaccessible,
I(7) is an M§(7, i, y)-name for a < y-directed closed partial order and r(v) is an

ML (7, i1, v)-name for an element of I(7).
We let (p',¢',7") < (p,q,7) if
(1) p'<p
(2) dom(q’) 2 dom(q) and for v € dom(q),

P IvIEd (v) <q(v)
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(3) dom(r’) 2 dom(r) and for v € dom(r),
W Tyd Ty 1) Er'(y) <r(y)

We can view M4(7, u,v) as an order on a product in two distinct ways: Letting
P := Add(r,v), Q the set of all possible ¢ and R the set of all possible r, M, (7, i, /) is a
based ordering on P x (Q x R) and (P x Q) x R. We will choose the first option. We also
note that the base ordering induced on (P x Q) by (P x Q) x R is isomorphic to M.

Lemma 7.5. Let v € (p, k] be inaccessible such thatl | v:v —V,.
(1) M4(T, p,v) is < -directed closed,
(2) M(T, u,v) is v-Knaster,
(8) The base ordering on M§(7, u,v) is 7+-Knaster,
(4) The term ordering on Mk (7, p,v) is < p-closed,
(5) The ordering is iteration-like.

Proof. The proofs for (1), (2) and (3) are standard.

Regarding (4), let (p,qa,7a)a<s be a descending sequence (with & < u). We first
define ¢ as in Lemma @, so that (p,q) is a lower bound of (p, ¢a)a<s. Now let y :=
Ua<s dom(ry), which has size < p. We define a function 7 on y by induction on g < v

such that (p | B,q | 8,7 | B) is a lower bound of (p | 8,q [ B,7a | B)a<s. Assume r | 8
has been defined and § € y. Let o be such that g € dom(ry,). For ap < a < o/ < 4,

(P40 sTar) < (DyGasTa) and thus

(p rﬁvqa/ FﬁvTa/ fﬁ) I- To/(ﬂ) < 7'04(6)

By the inductive hypothesis,

(p Fﬁvq [5;7” [ﬁ) < (p rﬂvq {ﬂvra’ Fﬁ) < (p rﬂaqa’ fﬂﬂ”a’ [5)
S0 (p r/Baq Fﬁﬂ" rﬁ) = Ta/(ﬁ) S TCM(/B)' Thus (p T/67q rﬂar fﬁ) forces (ra(ﬂ))a0§a<5 to

be a descending sequence in some < f-directed closed partial order (where 8 > p) and
we can fix a lower bound 7(3). Then (p [ B+ 1,q [ B+ 1,7 [ 5+ 1) is a lower bound of

(p [5+17QQ fﬂ+177"a rﬂ+1)a<5-
Now we show (5). Regarding the projection property, let (p,¢’,r") < (p,q,r). Find
q"” as in Lemma @ such that (p,q”) < (p,q) and (p’,q") < (p',¢') < (p’,¢"). We define

a function r” with domain dom(r’) by induction such that for every g,

(p1B,d" 187" 1B)<(plBglBrlp)
and
@ 184" 18" 1B) <@ 8.4 18,7 18) <@ IB,d"[8.r"18)

Assume r” | B has been defined and f € dom(r’). Let r”(f) be a name such that
(' 18,¢" 1 B,7" | B) forces r"(8) = r'(B) and conditions incompatible with (p’ | 8,¢” |
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B,7" | B) force r’(B) = (). Then
PIB+1,¢"IB+Lr" B+ 1) < (pIB+LqglB+Lr[B+1)

and

(0" 1 B+1,q" [ B+1,0" [ B41) < (p' | B+1,¢" | B+1,0" [ B+1) < (p' 1 B41,¢" | B+1,7" | B+1)

The refinement property is clear.

Regarding the mixing property, let (p, qo,70), (p,q1,71) < (p, ¢, 7). Choose pg,p1 < p
such that py(1) and p;(1) are incompatible and find ¢’ such that (p,q’) < (p,q) and
(pi,q") < (p,qi). It follows that for any inaccessible cardinal v, (po [ v,¢' | 7) and
(p1 17,4 1) are incompatible. Define a function 7’ on dom(rg) Udom(ry) by induction
on 3 such that (p [ B,¢' [ B,7" [ B) < (p,q | B, [ B) and (p; [ B,¢' [ B,r" [ B) < (p |
B,aq; | B,7i | B). Assume 8 € dom(rg)Udom(ry) (if 3 is only in one domain, set 7;(3) = 0
for the other 7). By the inductive hypothesis, (p; | 8,¢' | 8,7 | B) are incompatible
for ¢ € 2, so we can choose a name 7/(3) that is forced by (po | 8,¢' | 8,7 | 8) to be
equal to 7¢(f) and by conditions incompatible with (pg [ 8,4" | 8,7' | B) to be equal
to 71(8). Then (p [ B+1,¢' | B+ 1, | B+1) < (p ] B+1,q | B+1,r [ B+1) and
(i |B+1,¢ 1B8+1Lr [B+1)<(plB+1LqlB+1,r [ B+1). O

As before, we explicitely construct the quotient ordering:

Definition 7.6. Let v < x be an inaccessible cardinal such that [ [ v: v — V. Let
¢ :=v+1and G be M4(7, 1, €)-generic. In V[G], define the partial order M4(G, 7, i1, k ~
¢,8) by induction on B > ¢, letting M (G, 7, i1, & \ €,€&) := {0} (this defines a name
ME(T, 7, i, & N &, B)) Assume that for all v € [¢, B), M4 (T, 7, 1, & \ &,) has been defined
and there is a dense embedding from M} (7, 1, 7) into MY (7, i, &) * M4(T, 7, 1, k5 ~ &, 7).
Then we let M§(G, 7, 1, & \ &, B) consist of tripels (p, g,7) such that
(1) p € Add(7, 5\ €)
(2) qis a < p-sized partial function on 8 \ & such that for all v € dom(q), ~ is the
double successor of an inaccessible cardinal ¢ and ¢(vy) is an Add(r,y \ d)-name
for an element in Coll(f, d).
(3) r is a < p-sized partial function on 8 \ & such that for all v € dom(r), v is
inaccessible, I(y) is an M,(7, i, v)-name for a < 7-directed closed partial order
and r(7y) is an M4(G, 7, u, & ~ &, v)-name for an element in I(y)“ (reimagining

l(’)/) as an M(Tv K, f) * M3 (F7 Ty s BN Ea ’j/)—ﬂ&ﬂl@).

The following Lemma shows that the above construction proceeds up to x and actu-

ally defines a version of the quotient forcing:

Lemma 7.7. Let £ = v + 1 for an inaccessible cardinal v. For any B € [€, K], there is a

dense embedding from M (1, u, B) into MY (7, u, &) * MY(T, 7, i, 6 N &, B).
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Proof. We do the proof by induction on 8 € [£, k] with the base case being clear. Assume
that such an embedding exists for all v € [¢, 3). So in particular, the M4 (T, 7, 1, 5 \ &, 8)
is defined. We define the following embedding:

(pg,m)=(p1&ql &rTE),opp 16, 06),q.7))

where § and 7 are defined as follows:

g is an M4 (7, j1, €)-name for a function such that IF “dom(q) = dom(g) ~ 5// and for
any v € dom(q) \ &, g(¥) is an Add(r,&)-name (and thus an ML(7, i, £)-name) for an
Add(T,v \ §)-name corresponding to the Add(r,y)-name ¢(£).

7 is an M} (7, i1, €)-name for a function such that I dom(7) = dom(r) ~ & and for
v € dom(r) \ &, F(¥) is an M§(7, p, €)-name for an M, (7, 1,7 \ €)-name corresponding
to the M, (7, i1, v)-name r(7y) (using the inductive hypothesis).

It follows as in Lemma @ that ¢ is a dense embedding. (|

We let ML (G, 7, 1,k N €) := ML(G, 7, 1, k \ &, k). This ordering has properties very

similar to MY (7, p, %):

Lemma 7.8. Let v € (u, k] be inaccessible such thatl [ v:v — V, and £ := v+ 1. Let
G be M(T, i, &)-generic. In V[G], the following holds:

(1) MY(G, 7, p, 5 N €) is < T-directed closed,

(2) M4(G, 7, p, 5\ &) is k-Knaster,

(8) The base ordering on M§(G, T, p, k \ €) is 7+-Knaster,

(4) The term ordering on M4(G, 7, 1, k \ €) is < p-closed,

(5) The ordering is iteration-like.

So in particular:

Corollary 7.9. Let ¢ = v+1 for an inaccessible cardinal v. Let G be M§(1, u, €)-generic.
In V[G], let L be an ML(G, 7, i, &\ €)-name for a < k-directed closed partial order. Then
MQ(G, T AN L has the < ¥ -approximation property.

Proof. We can view M4(G, T, 1, & ~ €) * I as an ordering on a product P x Q by letting
P := Add(r, s \ €) and Q consist of tripels (¢,r,0) with ¢,r as in M(G, 7, pu, K ~\ €)
and o such that |- o € L. This ordering is easily seen to be iteration-like. Moreover,
the base ordering is 77-Knaster (this is clear) and the term ordering is < u-closed: Let
(9, (9oy Ty T ) )a<cs for 6 < p be a descending sequence. Then the sequence (p, (¢, 7o ))a<s
is a descending sequence in the term ordering on M (G, 7, i1, £\ £). Therefore we can find
a lower bound (p, (¢,7)) of (P, (¢a,7a))a<s in M5(G, 7, 1, & ~ €). Then (p, (q,7)), being
a lower bound, forces the sequence (0, )a<s to be descending in the < k-directed closed
forcing L. Hence by the maximal principle we can fix o which is forced to be a lower
bound of (64 )a<s. In summary, (p,(g,r,0)) is a lower bound of (p, (4o, e, Ta))a<s-

Now apply Theorem @ O
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Now we can show that M} (7, u, k) forces ISP in such a way that it is indestructible

under < x-directed closed forcing.

Theorem 7.10. Let 7 < p < k be reqular cardinals such that <" = 7 and Kk is
supercompact. Let | be a Laver function. Then M4(7, u, k) forces ISP(t+,k,> k) and it

is indestructible under < k-directed closed forcing.

Proof. For any ordinal &, let M(€) := M} (7, i, £).

It suffices to show that for any M(x)-name IL for a < s-directed closed forcing, M (x)*L
forces ISP(7T, k, > k). Additionally, it suffices to show that ISP(77,k,\) is forced for
arbitrarily large A.

Thus let L be an M(x)-name for a < s-directed closed forcing, let A > |L| and f an
M(k) * L-name for a < 7F-slender (x, \)-list, forced by some (p, ) € M(x) * L. Let F be
an M(k) * L-name for a function such that any M < H(©') closed under I witnesses the
slenderness. We will view M(k) L as a partial order on . Let © be large and M < H(©)
with the following:

(1) v:= M Nk € & is inaccessible
(2) [MNA<YC M

(3) {m, A\, M(r),L,F,l}UupC M
(4) (v) = w(L)

Then p is actually a condition in M(r) and 7(c¢) is an M(v)-name for a condition in 7(L).
Thus we can view (p, (o)) as a condition ¢ in M(v+1). Let Gy be an M(k)-generic filter
containing ¢ and work in V[Gyp].

The collapse 7: M — N extends to M [Gy] — N[r[GoNM]] and, by the v-cc. of M(v),
Gy := n[GoN M] is M(v)-generic over V. Let Hj) be the 7(L)-generic filter induced by G.
Then 7~ [H{] U {c“} is (by elementarity) a < s-sized collection of pairwise compatible
conditions in LC. Ergo there exists a lower bound r. If now Hj is }LG—generic containing
r, w[Hy N M| = H} is w(LL)-generic over V|[Gj]. This shows that for any model M as
above, there exists a condition qa; < (p,o) forcing that for any M(k) * L-generic filter
G x H, n[G * HN M] is equal to the m(M(x) * L)-generic filter induced by G.

Now we transform, as before, f into a ground-model (, \)-list. Let a € [\]<*.

o If there exists M with the conditions listed above such that a = M N A and for
some qq < gy and a (M x L)-name i, ¢, I+ f(@) = w_l[x'Z[FmM]], let
g(a) = {{a. f) |, B e mla] Ak B € i}
and
e(a) = "' [g(a)]
e Otherwise, let e(a) := 0.

By Lemma E, there exists a A-ineffability witness M for x with respect to e such
that



SLENDER TREES AND THE APPROXIMATION PROPERTY 27

(1) v:= M Nk € k is inaccessible
(2) [MAN< C M

(3) {r, A\, M(r),L,F,1}UupC M
(4) {(v) = =(L)

Denote a := M N and let Gy Hy be M(k) *]L—generic containing pys. We will use G1x Hq
to show the existence of p,. Because G1 * Hy contains pyr, Gy * H] := w[G1 x Hy N M]
is m(M(k) * L)-generic over V. In particular, it is 7(M(x) * L.)-generic over N and the
following holds:

(1) M[G1«H NV =M,

(2) Tar[Gyemy: MGy x Hi) — N[GY * Hi,

(3) TG wmy | M =
For simplicity we write mys(q,«m,] = -

Toward a contradiction, assume that w[f(a)] ¢ V[G} * H}]. As V[Gy * Hy] is an
extension of V[G) x H}] by a forcing with the < 7T -approximation property, there exists
z € [r(A\)]<7" NV |G * H}] such that zNw[fC1*H1(a)] ¢ V|G * H}]. Because H} is generic
for a < wv-directed closed forcing, z € V[G}] and by Lemma @, z € N[G]], so z = 7(y)
for y € M[G1] C M[G x Hy|. Furthermore, M[G1 *x H;|N H(©’) is closed under FGuxHy

so it witnesses the < 7'-slenderness of fGl*Hl. But then
[ fOr i (@))nz = 7 [f T ()N (y) = [ f9 1 (a)ny] = m(f T (a)y) € NGy H]]

a contradiction. So w[f¢1*H1(a)] € V|G, * H]] and there exists a condition ¢, as required.

Lastly, we want to show that g, forces that M[I'] is a A-ineffability witness for £ with
respect to f To this end, let G * Hy be M(k) * ]L—generic containing ¢q,. By assumption
we are in case (1) and there is b, € M such that b " M = e(M N A). Define

bf = {B ‘ Ja € G x Hy <Oé,ﬁ> Gbe} GM[GQ*HQ]
we are left to show
by N M[Ga x Ho) = by N M = fO2*H2 (M A N) = fO*H2(M[Gy x Ha) NN

where the last equality holds because g, < gps, which implies M[Gs «* Ho)]N'V = M.
Let 8 € by N M. By elementarity there is o € G2 * Hy N M such that («, 3) € b, and
we have (o, 8) € b " M = e(a) = 7 (g(a)). So 7({a, B)) = (7(), 7(B)) € g(a). By the
definition, 7() IF w(B) € 4. Hence 7(B) € G2 H20M] g0 g thus B € fGa+Ha (a).
Let 8 € fG2*H2(q). Then 7(8) € g rlG2x H2NM] Ergo there exists m(a) € m[GaxHaN M|
such that 7w(a) - w(8) € &,. Hence 7({c, 8)) € g(a) and (o, B) € e(a) = be N M. Thus

BebrNM. U

8. OPEN QQUESTIONS

We finish by stating two well-known questions which might have become more tractable

with the new techniques used in this paper.
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Question 8.1. Is it consistent to have ISP (w1, wpy2, A,) for every n € w?

A model of the former would most likely require 2* = X, ;. With a “better* powerset

sequence, one could hope to find a model of the following:

Question 8.2. Is it consistent to have ISP(w,t2,wni2, Ay) for every n € w together

with 297 = wy40?

We have shown a slight variation of the iterands of the Cummings-Foreman iteration

(see [B]) can force ISP(7F, k, > k) to be indestructible under < x-directed closed forcing

(which is an important step in showing that the tree property holds at all X,,12), hopefully

making progress toward an answer to the questions.
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